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Ci a THEORY FOR THE PRESCRIBED MEAN CURVATURE 
EQUATION WITH DIRICHLET DATA 

THEODORA BOURNI 



Abstract. In this work we study solutions of the prescribed mean curva- 
ture equation over a general domain that do not necessarily attain the given 
boundary data. To such a solution, we can naturally associate a current with 
support in the closed cylinder above the domain and with boundary given by 
the prescribed boundary data and which inherits a natural minimizing prop- 
erty. Our main result is that its support is a C^'" manifold-with-boundary, 
with boundary equal to the prescribed boundary data, provided that both the 
^J . initial domain and the prescribed boundary data are of class C^ 

^' 

a 



"^I.q: 



1. Introduction 

The Dirichlet problem for surfaces of prescribed mean curvature in an open set 
ri of M" concerns the existence of a sohition to the equation 



Cp ■ taking prescribed values 



u ~ (f> on dfl. 

Here and throughout this paper fl C M" is an open bounded set, (f) € L^{di^) 
(^ • and H{x,Xn+i) is a C^ function defined in fi x R, which is non-decreasing in the 

^D , a;„+i -variable and such that ||ff||o < 'i(^n/|^|) "• 

It is known [JS68[ ISer69| that if dfl is C^ , then a solution exists for any given 
boundary values (j) S C^{dn) provided that Honix) > \H{x,(j){x))\ for each x € 
dfl, where -ffgn denotes the mean curvature of the boundary and furthermore the 
regularity of the solution depends on that of dfl and (j). Here and in what follows 
C^ ' we adopt the sign convention according to which the mean curvature of dfl is non- 

negative in case J7 is convex. Furthermore, there are examples that indicate that 
this condition is necessary for the existence of a solution (cf. |GTOH 14.4]). 

Our goal is to study the regularity of such a solution without imposing any 
curvature conditions for dVl. For this reason we will use a variational approach to 
the Dirichlet problem (cf. |Giu70[[Mir75j ) and look for a minimum of the functional 

1.2 -F(w) = / \/l + \Dv\'^dx + / / H{x,Xn+i)dxdxn+i+ / \v ~ (j)\dx 
Jq Jn Jo Jon 

for V G BV(il); here BV(ri) denotes the space of all functions in L^(0) that have 
bounded variation, i.e. with first distribution derivatives given by signed Radon 
measures. 

Giusti and Miranda jGiu70[ IMir75| have proved that if dfl is Lipschitz, then 
there exists a minimizer u of the functional J^, which is unique up to translations. 
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Furthermore this mininiizcr satisfies equation 11.11 in O (of. [?, ?, ?]) and attains 
the prescribed boundary values above any C^ portion of the boundary where the 
mean curvature is bigger than \H {x , <J3{x))\ |Mir71b| . 

The purpose of this paper is to give a complete and general discussion on the 
regularity of the hypersurface obtained by taking the union of {{x^u{x)) : x G fl} 
and the part of dfl x M which is enclosed by {{x, u{x)) : x £ dft} and {{x, 0(.t)) : x E 
dQ}, where u is the niinimizcr of J-. In particular in our Main Theorem (Theorem 
W/^ we prove that if dn is C^'" and e C^^°'{dn), then this hypersurface is a C^'" 
manifold-with-boundary, with boundary equal to graph (/). We also show that this 
regularity result can be extended for boundary data (f> £ C^'"'{dn \ {xq}), where at 
xq G dQ, (j) has a jump discontinuity. 

Furthermore we will show that this manifold can be obtained as the C^'" limit 
(as submanifolds of IR"+^) of graphs of C^'" functions over fi. The main idea is to 
approximate the equation of the given Dirichlet problem 11.11 by new equations in 
which we change the RHS near the boundary by adding a divergence term that will 
allow us to prove existence of barriers for solutions of the new equations. We then 
use techniques from the theory of integer multiplicity varifolds, integral currents 
and partial differential equations to get uniform C^'" estimates for the graphs of 
the solutions to the approximating equations. 

Concerning the regularity of u (the minimizer of T) , it is known |Giu73[ ISim74] 
that if (f) is Lipschitz, then above any C^ portion of the boundary where the mean 
curvature is bigger than \H{x,4'{x))\, u is Holder continuous for some positive ex- 
ponent. However above points of the boundary where this condition is not satisfied, 
we could have u ^ (j) and there are examples that show that the gradient of u docs 
not have to be bounded near these points. In jSim76| it is proved that if fJ is a 
C^ domain and (/) is a Lipschitz function over dVt then in the case iJ = 0, u is 
Holder continuous at every point x £ dQ where the mean curvature is negative 
and furthermore the trace of u as a function above dfl is locally Lipschitz at these 
points. Note that since u G BV(0) it has a well defined trace in L^{dil). In }Lin87| 
this result was extended for surfaces of prescribed mean curvature H = H{x). 

The hypersurface that corresponds to u, as described above, inherits a minimiz- 
ing property which we now describe: To a function v G BV(i7) we can associate an 
integral n-current defined by 

1.3 r„ = [graphs] +Q 

where Q is the multiplicity 1 n-current with support in 50 x R and boundary 
dQ = |graph0] — [trace w]. Here and in what follows for the orientation of a 
current [graph w| associated to the graph of a function v we use the downward 
pointing unit normal to the graph. For any multiplicity 1 n-current S such that 
spt 5 C ri X R and dS = [graph (/)] we let S be the multiplicity 1 {n + l)-current 
such that S ~ {{x, z) : x £ Sfi, z < (j){x)l = dS. Then if u minimizes the functional 
J^, the current T = Tu, as defined in ll.Si locally minimizes the functional 

1.4 MiT)+ _^H{x',Xn+i)dx'dxn+i 

JsptT 

among all integral n-currents with support in fi x K. and boundary [graph (/)] |Lin87) , 
where M.(T) denotes the mass of the current T. 

This observation was first made by Lin and Lau |LL85| for the H ~ case. 
In particular they observed that in that case T minimizes area among all integral 
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currents with support in il x R and boundary equal to [graph 0], thus locally, 
near points of the trace of u that are away from graph i/i, sptT is a solution to a 
parametric obstacle problem. Hence, using results from JBK741 IMir71a| in case il 
is a C^ domain, they showed that sptT is a C^'^ manifold near such points. 

There are various results concerning the regularity of minimal boundaries re- 
specting a given obstacle |Mir71a| IBM82[ ITam82| , however these results (as that of 
Lin and Lau) do not include any discussion about boundary points and hence, using 
these results, we cannot conclude anything about the regularity around points in 
the intersection trace u D graph 0. 

Finally we mention that if dfl is of class C^ then, following the notation of 
[DS93b] . the current T ~ Tu is A- minimizing, i.e. 

MT) < K{T + dQ) + \K{Q) 

for all integral [n + l)-currents Q, where A = max{||if ||o, ||ffao|lo}- In |DS93aj . 
Duzaar and Steffcn generalized for such currents the boundary regularity results 
given in }HS79| for area minimizing currents. In particular they proved that if dT is 
represented by a multiplicity 1, C^'" submanifold, then sptT is a C^''^ submanifold, 
for all (3 < a/2, around each point a G dT, where 8T(a) < 1 + 1/2. 

2. The Dirichlet problem with regular data 

Notation and Definitions 

B™{x) will denote the 77i-dimcnsional ball of radius r centered at a point x G M™, 
i.e. 

B':!^{x)^{yeR"':\y-x\<r} 

and cj,„ will denote the measure of the 77i-dimensional unit ball. 

For any C^°' function u : F n S;"(0) ^ R", where V" C M™ is a C^-" domain 
and a £ (0, 1], |iu||i,a,ynB™(a;) wiU denote the scaled C^'" norm of m, i.e.: 

\\u\\i.a,vnB^{x) = -||m||o + II^mIIo + r^iDu]^ 

Occasionally, when there is no confusion about the domain of u, we will write |lu|] i^q, 
instead of ||u|li,a,vnB;"(:c)- 

For a point x S R"+^ we will often write x — (x' , a;„+i), where x' £ R". Finally 
the letter c will denote a constant depending only on the specified parameters and 
when different constants appear in the course of a proof we will keep the same letter 
c unless the constant depends on some different parameters. 

Definition 2.1. M C R"+^ is an m- dimensional properly embedded C^'" subman- 
ifold [where m < n, a £ (0, 1]) if for each x £ M there is a p > such that 

M n B'^+\x) = graph u^ n B'^+^x), 
where Ux £ C^'°'{{x + Lx) H B (x); Lj^) for some m-dimensional subspace L^ of 

71-1-1 

R"^""' and where graph u^^ ~ {£. ~^ 'U'xiO '■ £, ^ (x + L^) Ci B (x)}. We quantify the 
regularity of AI f] B^^^ (x) by defining 

k(M, p,x) ^ iniWuxW^^^^^^+L^-^^B^+^x) 

where the inflmum is taken over all choices of subspaces Lx and corresponding 
representing functions Ux ■ 
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We say that a sequence Mk of m,- dimensional submanifolds converges in the C^'" 
sense to M in Bp^^(x) {for p > and x € AI) and write 



and functions u,Uk (z C 
Mk n B^+\x) = graph life n B'^+^{x) , M n B''p+^{x) = graph u n B^'p+^ix) 



if there exists a subspace L^ and functions u,Uk G C^'"((a; + L^) H -B„ {x);L^) 
with 



and 



l^fe-"lll,a,(:r+L.)nB?+l(:.)^0- 



We then say that A/fc converges in the C^'" sense to M in M."-^^ and write 

Mk — > M , if there is a p > such that Mfc C UxeMBp^^{x) for all sufficiently 

large k and if Mk — > M in B"^^(x) for each x G M . 

Definition 2.2 (Regular Class). For a £ (0,1], r > we define the {a,r)-regular 
class, which we denote by B" , to be the set of all pairs (51, $) satisfying the following: 

1. n is a domain of K" such that dVl D -B"(0) is a non-empty, (n — 1)- 
dimensional embedded C^'" submanifold ofM." such that 

K{dVt,r,x) <1 , Vxe9f7nB;!(0). 

2. There exists a sequence of functions {((>,} C L^{dVt) n C^'"((9rj n B;?(0)) 

such that graph ^,; ^ $ m B;'(0) x R and $ n (S;'(0) x R) is an (n - 1)- 
dimensional embedded C^'° submanifold o/K"+^ such that 

k($ n (Bl^iO) X M), r, a;) < 1 , V.T e $ n (B"(0) x M). 

For (n, $) G B" we define 

«^(n,*) = inax{ sup K{dfl,r,x), sup k($ n (i3"(0) x R),r, .t)}. 

xeannB^io) xe'S>n{Bf{o)xR) 

Remark 2.3. Note that if (O, $) e 6^ t/ien 

||j^ao(a;) -i^dn{y)\\ < c(n)K(j^^$)|x - y|" 

Vx,y G 90 n i?"(0), where for x e 917, i'at2(a;) denotes the inward pointing unit 
normal to 912 at x, and 

II PrOJNor*(x) - PrOJNor.^(y) II < c(n)K(n,<E.) \x - y|" 

y x,y € $ n (S"(0) x M) such that \x — y\ < r, where for a; € $, Nor<[,(x) denotes 
the 2-dimensional normal subspace to $ at x. 

The following remark is a direct consequence of the Arzela-Aseoli theorem. 

Remark 2.4. Let (12;, $i) e S" &e a sequence such that liminfri = oo and for 
some r £ (0,oo), -B"(0) n dVii ^ for all i. Then after passing to a subsequence 

pl,a' pi, a' 

fti — > n and $, — > $ 

for any a' < a in the sense of Definition 12. II and where (il, $) e S" for all r' > r. 
If in addition Km._^.) — ^ 0, then for the limit we have that (11,$) = (i7, $), 
where H is an n-dimensional halfspace and $ C dH x M is an (n — 1)- dimensional 
linear space or 0. 
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The Dirichlet Problem 

Let fi be a domain of R" and (p E L^{dfl) be such that (fJ, graph 0) e B", for 
some a G (0, 1] and r > 0. We consider the foUowing Dirichlet problem: 

u ~ (p on dfl 

where H = H{x, u{x)), p = f{x, uix)) G L\TixR), H is bounded in {TinB'^iO)) x 
M and / =: (/\ . . . /") is a C°'" vector field in (H n -Br-(O)) x R, so that 

ll-f^llo,(TTnB?(o))xE = _ sup |i?(a;)| < oo 

a;e(OnS^(0))xR 

and 

r,i _ _ im-mi^ 

U\a.{nnB^{o))xs. - _sup I _ I <• o°- 

2;,yG(OnB;?(0))xR l-^ wl 

For notational simplicity and as long as there is no confusion about the domain 
n, we wiU write |li?||o,sp(o)xR and [/]a,s^(o)xK instead of li-H" |lo,(nnB;?(o))xR and 
ifU,innB^io))xR respectively. 

The equation in 12.51 above is to be interpreted weakly, i.e. 

2.6 / Yl /. ^i"^ „ ACrfH" = - / HCdW' + / E /»^«CrfH" 
Jn ^ y^l + \Du\^ Jn Jn ^ 

for any CeCi(f7). _ 

For the rest of Section [5] we will let u G C'^'°'{fl) be a (weak) solution of the 
Dirichlet problem l2.5l and T = [graph u] be the multiplicity 1, n-current associated 
to the graph of u. Recall that for the orientation of a current associated to the 
graph of a function we use the downward pointing unit normal to the graph. In 
our case, for the function u, we extend this vector to be an R"+^-valued function 
in all of rj X M that is independent of the a;„+i -variable and we let v denote this 
extension, i.e. for any {x',Xn+i) G fJ x M 

7 . / , f Diu{x') DrMx') -1 ^ 

2.7 i^[x ,a;„+ij = 



y^l + \Du{x')\^ ^l + \Du{x')\^ ^l + \Duix')\y 

Furthermore, we associate to the vector field v an ?i-forni cj defined as follows: 

n+l 

2.8 ui = ^(-l)*+^ei • lydxi A ■ ■ ■ A dxi A ■ ■ ■ A dx^+i 

where ei, 62, . . . , e„+i denote the standard unit vectors in M"+^. 

Volume Bounds 

In this paragraph we will show bounds for the mass of the current T and also 
prove that it has an "almost minimizing" property (cf. Lemma I2.10p . The main 
ingredient is Lemma 12.91 which allows us to compare T, with other currents that 
have the same boundary and coincide with T outside (O n i?"(0)) x R. RecaU 
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that r is such that for the initial data of the Dirichlet problem 12.51 we have that 
(r^, graph 9i) eB^. 

Lemma 2.9. Assume u £ C^''^{Q.) is a {weak) solution of the Dirichlet problem 
12.51 and let T = [graph u] be the corresponding multiplicity 1, n-current. Let R be 
a multiplicity 1, (n + l)-current in M"+i with spt i? C VP" CC (H n S;'(0)) x R. 
Then for S ^ T - dR 

(l-rf"[/]a,S;?(0)xR)M(r)<(l + d"[/]„,B;^(0)xE)M(5) + l|i^||o,B?(0)xRM(-R) 

where d = diam W . 

Proof. Note first that if u is smooth then lo (as defined in 12. 8p is a smooth n-form 
and hence 

r(w) - S{uj) = dR{uj) = R{duj) = / e(a-) div v{x)dx 

JsptR 

e{x) {H{x', w(x')) + div f{x', u{x'))) dx'dxn+i 

spt R 

e{x) {H{x', u{x')) + div(/(x', u{x')) - f{xo)) dx'dx^+i 

spt R 

where xq is any given point in W, Q{x) depends on the orientation of -R, in particular 
9(x) =< R{x), dxi A- ■■ A dxn+i > G {1, -1} 

and recall that for any point x G R"+^ we use the notation x = (.t',.t„+i). 
Hence we get that 

(1) T{lli) - S{uj) ^ Q{x)H{x\xn+i)dx'dxn+i+dR{ujf-fo) 

JsptR 

where 

n+l 

^f-fo = ^{-'^y^^f^i ■ (/- fixQ))dxi A--- Adx^A ■ ■ ■ A dxn+i 

i=l 

which implies the lemma, since T{uj) — M_(T) and |aj^_/(,| < rf"[/]Q,_B"(o)xR every- 
where in W. 

For the general case, when u is C^'" it suffices to show that (1) is still true. For 
this reason we will approximate w by smooth n-forms. 

Let C e C;?°(R"+i) be such that sptC C ^^"^^(0), C > 0, /g„+i C{x)dx = 1. For 
(7 £ (0, 1) we let Ccr{x) = cr^^""'"^^C(2;/o') and consider the n-form 

n+l 
uja = Ca * ^ = ^{-^y^^iCa * i'i)dxi A ■ ■ ■ A dXi A ■ ■ ■ A dXn+l 
i=l 

where v^ u are as defined in 12.71 12.81 

Then uj^ is a smooth n-form and hence 

TK) - Siuj,) = dR{Lo,) - R{dLo^) 

Q{x) I -Dy{Ca{x-y))-v{y)dydx. 
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Using equation 12.61 (the weak form of the prescribed mean curvature equation) we 
get 

T{uj^) - 5K) = - / e{x) f Ca{x^ y)H{y', u{y'))dydx 

- I e(a;) / D^Ux ~ y) ■ {f{y', u{y')) - /(xo)) dydx 

JsptB. JB'i^^{x) 

where we have used the fact that 



/. 



DxCaix - y) ■ fixo)dy = 0. 
Hence we have that 



T{uj^)-S{uj^) = - e{x) C„{x-y)H{y',u{y'))dydx~dR{Ca*ujf-f,) 

JsptB. JbS + ^(x) 



which by letting a ^- imphes (1) D 



Lemma 2.10. Assume u G C^'°'(Q?) is a {weak) solution of the Dirichlet prob- 
lem 12.51 and let T ~ [graph u| he the corresponding multiplicity 1, n-current. 
Then for any xq G B;'(0) x R and p > such that B'^+^{xq) C -B;?(0) x M and 

P"[/]a,B,"(0)xK < 1/4.- 

MiT LB^+l(xo)) < c (1 + p|lff|lo,B;^(0)xK) ^nP" 

and 

K^(T) < K^{S) + CL.„p" {p\\H\\o,Bmx^ + P"[/]a.i3;.(0)xK) 

for any W CC B^'^^{xq) and S an integral n-current in R""''^ with dS = dT and 
spt(r — S) a compact subset o/ M^ n (17 x M) and where c is an absolute constant. 

Proof Since spt(S'-r) C S;^+i(a;o)n ((B,"(0) n H) x M), by LemmalSiland using 
the assumption p"[f]a,B" (o)x'b. < 1/4 wc have that 

(1) (l-2p"[/]„,B;H0)xK)M^(r) <M^(5) + 2c.„p"+i!li7|lo,B?(o)xK 

Let U = {{x',Xn+i) G il X M : x„+i < u{x')}, i.e. U is the region under the 
graph of u and let also Ua- — U O i3^*+^(xo). By Sard's theorem, for almost all 
cr > 0, M(T LdB^+\xo)) = 0. For such a<pAetS^T LB^+^{xo) - dUa. Then 
spt S C as;'+i(.To) U {{dVL X M) n BJ+i(a;o)) and so 

M{S) < AuJnd" + a;„cr"(l + k) < 6w„cr" 



where k = K(a^$) is as in Definition 12.21 Using this in inequality (1) we have that 

KiT Li?r'(a;o)) < 12(1 + a||//||„,B.(o)xRK^" 

which gives the first assertion of the lemma. 

Taking a G (0, p] such that W C i3^'+^(.To) we have that 

M(T) < 12(1 + p||H||o,b"(o)xmKp" 



=w 



and using this estimate back in the inequality (I) we get 

K^{T) < K^{S) + 24c^„p"(l + p||i/||o,B;HO)xK)p"[/]a.B;^(0)xK 
+ 2tJ„p"+ ||-ff||o,B^(0)xR 

which implies the second assertion of the lemma. D 
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Definition 2.11. Let M he an n-dimensional manifold in R"+^, x ^ M and P an 
n- dimensional linear space passing through x. We say that M is a-close to P in 
B^p+\x) if 

MnB'^+'ix)cqiQp,,) 

for some orthogonal transformation q o/M"+^ such that q{0) ~ x, q{{Q} x R") = P 
and where 

Qp,, = hap, ap]x 5^(0). 

Lemma 2.12. Let u € C^'°'{U) be a (weak) solution of the Dirichlet problem 
[231 Let xo e graphu n (S;^/2(0) x R) and p <E (0, r/2] be such that SJ^+H^^o) C 
B^^^iO) X R, B^+^{xo) n graphs/. = and p"[/]„,b;?(o)xr < 1/4. Then 

■H"(graphu n q{Qp,a)) < (1 + ^P°'[f]a,B'^(a)y.v)^nP^ + CCrw„p"(?7, + p||i?j|o,B;'(0)xK) 

for any a G (0,p) and any orthogonal transformation o/R"^^, q, such that g(0) = 
Xq and where c is an absolute constant. 

Proof. Let q be an orthogonal transformation of R"+^ and let Q^ be the regions 
in q{Qp,a) that lie above and below the graph of u, i.e. 

(5+ = {x = {x' ,Xn+i) e q{Qp,a) ■ a;„+i > u{x)} 

Q- ={x= {x',Xn+i) e q{Qp,a) ■ a;„+i < u{x)}. 
Notice that for one of the dQ^, say dQ^ , we know that 

\dQ+ n {q {{ap} X B^{0)) U q {{-ap} x 5^(0))) | < c.„p". 

Then the lemma is a direct consequence of Lemma 12. 9[ applied with Q^ in place 
of i?. D 

Remark 2.13. // in addition to the hypotheses of Lemma 12.121 we have that 
graph It n B"^^(xo) is a-close to a plane {in the sense of Definition 12. lip then 
Lemma 12.121 eventually gives 

H"(graph7.nB^+i(xo))<(l+3p"[/]„,B„(o)xRKp"+cac^„p"(n+p||i^||o,B?(o)xE). 

Lemma 2.14. Let u G C^'"{fl) be a (weak) solution of the Dirichlet vroblem 12.51 
Let xo e graphu n (B;'(0) x M.) and p > be such that B'^+'^{xq) C S;'(0) x R, 
B^p+\xq) n graphs == and p"[/]c,b;^(o)xr < 1/2. Then 

(1) W+\U^ n B^p+\xo)) > cp"+^ 

where U are the regions of fl x M. that lie above (U^) and below (U^) the graph 
of u and 

(2) -H" (graph u n B-^+^xq)) > cp". 

The constant c in both inequalities depends on ||i?||o,_B"(o)xK o,i^d, n. 



Proof. We first give the proof of (1) for U ; the argument for U'^ is similar. 
Let 

(3) Up = U-n B'^+\xo) , Gp = graphs n B^+i(a;o). 
By Lemma 12.91 (with Up in place of R) we get that 

(4) H'^iGp) < ij-7e+\Up) + 2||ffl|o,B;,(0)xMH"+l([/p). 
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Since 

n"{dUp) < 7e{Gp) + ^n"+\Up) 

the isoperimetric inequality for Up implies that 



(5) W'+\Up)^ < c{n)'H'-{dUp) < c{n) iU'^Gp) + —H"+\Up) 

Using the estimate |(4)| in |(5)| we get 



n"+\Up)^ <c-^W'+'{Up) 

because we can assume that 2c(n)||iy||o,Bn(o)xR^"^^(C^/3) < ^H"'''^(f/p)"+'', where 
c(n) is the constant from the isoperimetric inequality, since otherwise the lemma is 
trivially true. 
Hence 

and after integrating 

n''+\Up) > cp''+\ 

For proving |(2)| of the lemma we let Up, Gp be as defined in |(3)| above. By 
inequality | ( 1 ) | we know that 

n'^+^Up) > cp^'+K 

Let V be a unit vector in M"+^ such that 

(6) z;-(0,...,0,l)>0. 

For such a vector v we define P„ to be the n-dimensional affine subspacc of IR"+-'^, 
passing through xo and normal to v, i.e. 

P., = {x e E"+i : {x - xo) ■v = Q} 

and U^^y to be the part of Up that lies above Py, i.e. 

Up^v = {x e Up : {x - Xo) ■ V > 0}. 

We claim that it is enough to prove that for some vector v, satisfying |(6)[ we 
have that 

(7) H"+i(c/+j < \n-+\Up). 

To see this assume that |(7)| is true for some v and let G^^^ be the parts of Gp that 
lie above (G+ ) and below (Gp,„) the affine subspace P^. Let also 

Gp = G-, U refp„ (G+J U (Gp n P„) 

where refp^, denotes the reflection along Py and let Up be the region of Bp^^{xo) 

ve that 

n"{Gp)^n"{Gp) 

pj ^ iL. {Up) - 2^" (Upyj - 2'^ ^^P^ 



that lies below Gp. Then we have that 



and 
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Furthermore, since Up lies below Py, we have that 

projp„ {Gp) = projp^_ [Up] 
where projp^ denotes the projection onto the afhne subspace Pv Finally since 

Up C {x — tv : X £ Pi'OJp„ {Up),0 <t<p} 

we have that 

pH"iprojp^XUp))>H''+'{Up) 
and hence 

H"(G,) = n^{Gp) > W'iwoipAGp)) - H"(projp^(c7p)) 

> p-'n''+\Up) > p~^ln'^+\Up) > cp'^ 

We now need to show that for some vector v that satisfies |(6)[ inequality |(7)| is 
true. 

For any t £ (-f , 1) let Wt = (f, 0, . . . , 0, ^/l -t^), 

Pt^{xe M"+^ : (x - xo) ■ vt = 0} 

and 

Up.t = {x e Up : {x - Xo) ■vt>0} , U't = {x £ Up : {x - xq) ■ Vt < 0}. 

We claim that for some t, n"+\U+t) < jW+^Up). 
Assume it is not true. Then for all t 

n"+\u-,)<--H-^+\Up) 



^"+'(c^,ti-e n c/+_i+J > o^"^'(^p) 



and hence for any £ > 

1 

which is impossible, since 

D 

The solutions to 12.51 are uniformly close to planes near the boundary 
cylinder 

In this paragraph we want to show that given e > 0, there exists p > depending 
only on e, r, ||i?||o.B'?(o)xK and [/]a.sn(o)xR: such that the graph of u is e-close to 
some n-dimensional linear space in all balls of radius less than p that intersect the 
boundary cylinder (cf. Theorem l2.16p . The main ingredient is the following lemma: 

Lemma 2.15. Let (fifc, graph 0^) g S"^ he a sequence such thatrk — > oo, K(q^. <j,^) -^ 
and dQk H -B"(0) ^ for some r G (0,00), where $fc = graph 1/)^. Assume that 
Uk G C^'°'{nk) is a (weak) solution of the corresponding Dirichlet problem 12.51 with 
[fk]a,B^^{o)xR -^ and |li^fc||o,B,"^(o)xR -^ and let Tk = [graph Ufe]. 
Then, after passing to a subsequence, 

(1) TkL{B:^^{0)xR)^T 

in the weak sense of currents, but also with the corresponding measures converging 
MTfc — > Mr as Radon measures and where for the limit T either 
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(i) dT = and spt T is a vertical hyperplane 
or 

(ii) dT ^ and spt T is an n- dimensional halfspace. 



Furthermore for the convergence in (1) we have that for any e > and W 



compact subset of M.'^'^^ such that W n spt T 7^ 0, there exists fcg such that for all 
k > /sq 

(2) spt TkC^W d £ -neighborhood of spt T. 

Proof. Wc note that given any p > and for all k large enough we have that 
P"[/fe]a,S'> (o)xK < 1/4 and therefore we can apply Lemma [2. 101 This implies that 
the currents T^ L(i?"^(0) x M) have locally uniformly bounded masses. Hence we 
can apply the Fcderer-Fleming compactness theorem |Sim83| Theorem 32.2] which 
implies that after passing to a subsequence 

Tk L(B,p^ (0) X M) ^ T 

in the weak sense of currents in R""*"^, where T is an integral n-current. Fur- 
thermore, by Remark 12.41 T has support in an (n + l)-dimensional closed halts- 
pace. Without loss of generality, we can assume that this halfspace is equal to 
E_i- X R" = {a; € R"+-'^ : xi > 0}. According to the Federer-Fleming compactness 
theorem we also have that dT^ = \^^'\ — >■ dT and thus (using Remark 12.41 again) 
either dT = or dT = |$], where $ is an (n — l)-dimensional afhne subspace of 
{0} X M". 

We claim that T is area minimizing. In view of Lemma IB. 41 it suffices to prove 
that it is area minimizing in the closed halfspace R+ x M". Note that although 
the currents Tk are not area minimizing, they do satisfy a minimizing property (cf. 
Lemma l2.10|) . which enables us to argue as in the case when T is the limit of area 
minimizing currents (cf. |Sim83[ Theorem 34.5]), as follows: 

Since Tk L(i?"^ (0) x R) — >■ T in the weak sense of currents, we know that the 
convergence is also with respect to the flat-metric (cf. |Sim831 Theorem 31.2]), 
i.e. there exist integral (n + l)-currents Rk and integral n-currents Pk such that 
T -Tk L(B;; (0) X R) == dRk + Pk and for any compact subset W of i?"+i 

Let S be an integral n-currcnt such that dS = Q and sptS' C W n (R+ x R"), 
where W is a compact subset of R"+i. Let W^ = {x € R"+i : dist(a;, W) < e}. We 
can choose e £ (0, 1) so that, after passing to a subsequence, we have that for all k: 

(3) MiTk \-dWe) = , MJT LdWe) = 
and 

(4) d{Rk \-W,) = (dRk) \-W, + Lk 

where Lk is an integral n-currcnt such that sptLfc C dW^ and M_{Lk) -^ 0. Then 

T LWe - Tk LWe = dRk + Pk 
where Rk ~ Rk \-We and Pk = Pk \-We — Lk, and 

(5) M^^ iT + S)= Al^^ (Tk + S + dRk + Pk)> K^^ {Tk + Sk)- K^^ {Pk) 

where Sk — S + dRk- For 5*^ we have that spt Sk C W^ and dSk = 0. 
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Let i? > be such that W^ C B]^+^(0). For k big enough, so that rfe > R, let £k 
be a hpschitz retraction of (1+ x R") n 5^+^(0) to (Ilk x M) n Sj^+^(0) such that 

\ek{x)-ikiy)\ y r . „„ 

\x-y\ 

Then the current £k#Sk has support in Q^. x R and no boundary, hence using the 
minimizing property of Tk (Lemma I2.10p we have that 



< \J^k\K^^^ {Tk + Sk) + C (i?i|i?||o,BS(0)xR + i?"[/]a,BS(0)xK) ^n^?" 

for any s' > e such that We' C B]^~''^(0) and where Jik denotes the Jacobian of £k 
and thus \J£k\ < 1 + CK(^Q^,j>^y Letting e' | e we get 

K^ {Tk) <| J4I (k^ {Tk + Sk)+mLk)) 
(6) ' . ' ^ \ n 

+ C ( -R||-ff||o,B5(0)xE + -R"[/]a,SS(0)xR j l^n-R" 

where we have used |(3)| and |(4)[ Hence, using [(6)] to estimate M (T^ + 5"^;) in |(5)[ 
we get 

K^^ {T + S)>{1- c^(o„*.))M^^ (Tfc) - K^,^ {Pk) - K{Lk) 

- C f i?l|ff||o,Bg(0)xR + ^"[/]q,B;^(0)xr) ^riR" 



where c depends only on n. Letting k —> oo and using the lower semicontinuity of 
the mass and the fact that M^ {Pk) -^ 0, M.{Lk) -!► we get 

which implies that 

K^{T)<K^{T + S) 

since 5 = outside W ^ and hence T is area minimizing. 
We claim now that ^.t^ — >■ /i^ as Radon measures. 
Using S* = in the above argument we have that 



M^^ (T) > (1 - c..(n„*,))M^^ (T,) - M^^^ (F,) 

- C (^i?||i?||o,SS(0)xR + -R"[./]a,BS(0)> 

and letting k ^^ {) 



OJnR" 



Since W C W, 



Mi^^(T)>limsupM^y^(Tfc). 



\imsup fiT,{W) < M^ (T) = a^t(W^s 



and because we can repeat the argument for e ^ we have that 

fJ-T{W) > limsup^Tfc(W^) 

k 

which along with the lower semicontinuity of Radon measures implies the measure 
convergence. 

Next we will show that T is either an n-dimensional halfspace or a vertical 
hyperplane. 
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Assume first that we are in case (i) dT = 0. This is tlie case when for any 
W CC M"+\ W^ n $fc = and hence dTu \-W = 0, for all k large enough (cf. 
Remark !^ . 

Using the uniform area ratio bounds, Lemma l2.10l and the interior monotonicity 
formula [A1172| we have 

k 

for all X e sptT and any r > 0, where c is an absolute constant. 

Hence for a sequence {Aj} 'f oo we can apply the Federer-Flcming compactness 
theorem to the sequence T^-^a^ = Vx.Aii^T, where for x S R""''^ and A S M, rj^x : 
jjn+i _^ K"+i is defined by ri^\{y) ~ X"^{y~x). So, after passing to a subsequence, 

in the weak sense of currents, where C is an integral n-current. Since T^j^Ai £^re area 
minimizing, C is an area minimizing cone and ^it^ f^. — >■ /ic ss radon measures. 
Furthermore, since sptT C M+ x M" we have that sptTj;,A, C {y e M"+^ : yi > 
— A~ xi}, where a;i,yi denote the first coordinates of x and y respectively, and 
hence spt C C !R+ x K". This implies jSim83| Theorems 36.5, 26.27] that 

C = m|{0} X R"] 

for some integer m > 1. We claim that in fact m ~ 1. 

For a e (0,1), let Qi,^ = [-a, a] x SJ'(O). Then iic{Qi,a) = mujn- By the 
measure convergence ^.t.^ ^. — >■ ^c ^nd ^Tk ^ Mt, we have that for any (5 > there 
exists some A > and fco such that for all fc > fco 

m-6< — — ^tJx + AQi,,,). 

Using Lemma l2.l"2l the RHS of the above inequality is less than l+A°'[fk]a,B^^ (o)xr+ 
cct(1 + A||iJfe||o) and hence taking a small enough we conclude that m has to be 1. 
Hence we get that 

w,7V-"/iT(B"+^(x)) = 1 ,Va; e sptT and r > 

which implies that T itself is a hyperplane of multiplicity 1 and since spt T C 
i?+ X M" is has to be a vertical hyperplane. 

Assume now that we are in case (ii) dT = |$]. In this case $^, — > $ for all 
a' < a and hence <!> is an {n — 1)- dimensional linear subspace of {0} x R" (cf. 
Remark E^ . Without loss of generality we can assume that $ = {0} x M""^ x {0}. 

Using the uniform area ratio bounds. Lemma 12.101 and the boundary monotonic- 
ity formula |A1175| we get 

^ < Lo-^r-MBr\0)) - ^-V-"limMT.(Sr^(0)) < c 

for any r > and where c is an absolute constant. 

Hence for a sequence {Ai} 'f oo we can apply the Federer-Fleming compactness 
theorem to the sequence T\. = ?7o.Afc#r to conclude (as in case (i)) that after 
passing to a subsequence 

where C is an area minimizing cone with spt C C M+ x M", dC = $ = {0} x M"^^ x 
{0} and also fiTA ~^ fJ-c as Radon measures. 
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Hence we can apply Lemma IB. II and in particular Corollaries IB.2| IB. 31 to C to 
conclude that C is either an n-dimensional halfspace or 

C = mPi + (m - 1)P2 

for some integer m > 1, where P\,P2 denote the ?i-dimensional halfspaces {0} x 
M"-i X R±. 

We claim that in the latter case ttt, = 1 and hence C is a halfspace in either case. 
To see this, take x E sptC such that for Qi,cr(a:) = .t + [— cr, cr] x i?"(0) we have 
that Qi,(T(x)n$ = and HciQi.a-ix)) = ma;„. We can argue now as in case (i) and 
using the measure convergence /^Ta ~^ MC: fJ-Tk ~^ Mt and Lemma [2.121 we have 
that for any S > there exists some A > and fco such that for all k > kg 

m-S< — — ^T,(x + AQi,^(x)) < I + 3A°'[fkU,B^ (o)xk + ccr(l + A||i/fc||o) 

and hence taking a small enough we conclude that m has to be 1. 
Hence C is a halfspace and therefore for any r > 

so that T is an area minimizing cone with vertex 0. Hence we can apply Lemma 
IB. II and Corollaries IB. 21 IB. 31 to T, which along with the fact that the density at 
is 1/2 imply that T is a an n-dimensional halfspace. 

We finally have to prove statement |(2)| of the Theorem. 

Assume that for some W CC R"+^ such that VFflspt T ^ and e > 0, statement 



(2) of the Theorem is not true. Hence, after passing to a subsequence, we have that 
for every k there exists Xk G spt TkdW such that 

B^+\xk)r\sptT^(d. 

Since either $fe n M^ = for A: big enough or $fc n {B^.^ (0) x M) — > $ for all a' < a, 
wc have (after passing to a further subsequence if necessary) that B"f„^{xk)n^k ~ 0- 



< 



Hence, for k big enough so that Bl'+'{xk) C Bl\{0) x K and (£/2)"[/fc]a,Bn 

1/2, we can apply [(2)] of Lemma r2. 141 with xq = Xk to conclude that for any p < e/2 

where c depends only on n. 

Since Xk eW CC M"+^ and Bl'+^{xk) n sptT = for aU fc, we have that, after 
passing to a subsequence, Xk — > xq for some xq G W, such that -B"/^^ (a;o)nspt T = 0. 
Then for k large enough we have that 

B:;,\xk) c Bi%\xo) =^ A^T.(i?r/V(xo)) > ^^TAB:;,\xk)) > cie/4r. 

By the mass convergence fIT^. — >■ fJ-r, this implies that 

mb:;,'{xo))>o 

which contradicts the fact that B"t^{xo) n sptT = 0. D 

Theorem 2.16. Let (51,$) G B" , with $ given by the graph of a function; <I> = 
graphf/) and let also u £ C^'"(Q?) be a {weak) solution of the Dirichlet vroblem, 12.51 
with H , f satisfying 

(1) \\H\\o^B^(0)xM < K , [f]a,BpiO)xTSL^ K. 
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for some K > 0. 

Then Ve > 0, there exists p = p{r, e, K) < r such that the following holds: 
For any x e {B'^,^(fS) x M) n graphu and A G (0, p] such that dist(a:;, dO. x M) < A, 

(2) A"^ sup dist(y-a;,P) < e 

graph ttri-B^ (2:) 

for some n- dimensional linear subspace P ~ P{x, A). 

(3) uj~^X-"\gra.phunBl+\x)\ < 1 + e. 

In particular if x G ^ then inequality |(2)| holds with an n-dimensional halfspace 
P+ — P+{x, A) in place of P, such that G dP+ and 

A^^ sup dist{y ~ x,dP+) < e 

$nBJ+i(a;) 

and inequality |(3)| holds with the RHS replaced by 1/2 + £. 



Proof. Assume that the theorem is not true. Then for some e > 0, there exist 
a sequence of boundary data (r2j;,$i) G ;B" and corresponding Dirichlet problems 
(as in l2.5p with Hi,fi satisfying (1) such that the foUowing holds: there exists a 
sequence Xi i and Xi € {B^,^{0) x R) n graphite, where Ui S C^'"(J7i) are weak 
solutions of the corresponding problems, with 

diat{xi,dQi X R) < Ai 



but such that at least one of the assertions (2) (3) with x = Xi and A = A.; fails. 

Let fli = r|xiA^i^^) ^^'^ ^i = ?7£,,Ai($i), where r]x^\{y) = \^^{y - x). Then 
(after a vertical translation so that Vli C M" x {0}) 

(a: J.) e 6:^/(2,,) 
and n,^ j ^ < \fni^Q_.i^.y Also $i = graph^i, where </>,; £ C^'°'{d(li) is defined 
by (l)i{x') = Tj^.^xA^PiiKx^ + x^)). Furthermore for T^ = Vxi,Xi#iTi), where T^ = 
[graph Wi|, we have that Ti — [graph Ui|, where Ui S C^'"(f2i) is defined by Ui{x') = 
Vxi.XiiuiiXix' + Xi)) and is therefore a solution to the Dirichlet problem 

Ui = 4>i on 9J7i 
with 

Hi{x) = XiH^{xi + Ajx) ^ ||i^j||o.B",,^ vR < Aj|jifJo.B"(o)xR '^ 

Mx) = fi{Xi + AjX) => [/i]a,B;:^^^^^j(0)xR < Af [/,]„, b;'(0) xR '"^ 0. 

Hence we can apply Lemma l2.15l to the sequence Ti which implies that 

f,;L(i3;>(2,,)(0)xM)^T 

in the weak sense of currents, but also fij^ -^ ht as Radon measures and where for 
the limit T the following holds: 

(i) If liminf A""'^ dist(a;i, 4>i) = oo then dT = and sptT is a vertical hyper- 
plane. 
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(ii) If liminf Aj ^ dist{xi,^i) < oo then dT ^ 0, sptT is an n-dimensional 
halfspace and dT = |$| with $ being determined by $i as foUows: 



$, n (S"/(2A.) W X M) "^ $, for ah a' < a. 
By the measure convergence ^^ — >■ /iy, Ve > there exists io such that Vi > zq: 

ArVT.(sr+^(x.)) = /if.(sr'(0)) < I sptrn 5^1(0)1 + 6 

Furthermore because of |(2)| of Lemma [2.151 for any e > 0, there exists io such 
that for aU i > io 

— sup dist(i/ — Xi, sptT) < sup dist(j/, sptr) < e 



and if dT ^ 0, we also have that 
1 



sup dist(?; — Xi, spt 3T) < sup dist(j/, spt $) < e 



Ai „.^D" + 1 



since $, n (B"/(2A,)(0) x K) ^ $• 

Hence taking P to be the n-dimensional hnear subspace that contains the support 
of T we get a contradiction. 

In the special case when Xi G ^i we argue in the same way. In this situation, for 
the hmit T we are in case (ii) dT = |$] 7^ and furthermore 6$. Hence we get 
a contradiction by taking P^^ = spt T. D 

3. Approximating the MCE 

Throughout this section we let J7 be a C^'" bounded domain in M" and $ 
a compact, embedded C^'" submanifold of dil x R, such that for a sequence 

(/)i G C^'"(9r2), graph (/)i — > $, where the convergence is as in Definition 12.11 By 
translating V, we can assume that S dil and hence for some r > 0, (^2, $) e i5", 
with S" as in Definition l2.2l We let also H ~ H{x' , Xn+i) be a C^ function in fi x K, 
which is non decreasing in the a;„+i -variable and such that ||i?||o < nw„ |r2|~^'". 
In this section we will show that the Dirichlet problem of prescribed mean curva- 
ture equal to H (cf. II. ip and with boundary data (il, $), can be approximated by 
a sequence of new Dirichlet problems for the prescribed mean curvature equation 
which have the form of the one defined in 12.51 of Section [51 We will construct the 
new equations in such a way that 

(a) We have uniform C^" bounds for the graphs of the solutions of the ap- 
proximating problems 

(b) We can construct barriers for the solutions and prove gradient bounds and 
hence existence of the solutions 



Constructing the approximating sequence 

For (ri, $) £ B^, let {flk} be a sequence of bounded, C°° domains with Slfe C fi 
for aU k, (j)^ e C°°(i9£lfc) and $fe = graph 0^. be such that (51^,,$^^^) G i3" and 



with the convergence being as in Definition 12.11 
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For each k we consider the following Dirichlet problem 

3.1 ^ Wi+i^-^iv fe 

Ufe = 0fe on 9fife 

where the equation above is to be interpreted weakly (as is l2.6p and Hk : fife x R — > 
K, /j. = (/^j . . . , /^*) : Jlfe X M ^ R satisfy the following properties for a sequence 
4 ; 0: 

(i) iJfc = Hk{x' ,Xn+i) is a C^ function in flk x R, which is non decreasing in 
the a;„+i-variable and such that ||ii/fe||o < l!^||o and 

, \H{x',Xn+i) ior x' eQk ■ dist{x',dflk) >26k 

' \0 ior x' enk-dist{x',dnk)<6k. 

(ii) There exists a neighborhood T4 of dflk in ilk such that 

{x' e Qk ■■ dist(x', dfik) < 4} c 14 , s;)4(x') c 14 Vx' e 9^!^ n Bl'(0) 

and such that /^ is C°'" when restricted in Vk x R and in particular it 
satisfies the estimate 

\\fk\\o,Bl^^^{x')xR+r"'[fk]a,B'^^_^(x')xR < C* (||?7fe||o,(anfcnB;?(2-')) xR + '''"'[rik]a,{dnknB^{x'))xu) 

for all x' e dflk n i3"(0). Here ry^ is the inward pointing unit normal to the 
cylinder £7^ x R and C is a constant that depends only on n, in particular 
it is independent of k (recall that r is such that (fJ, <&) G S"). Also 

„ ( div ijkix' , x„+i) ior x' e dflk,x„+i> (j>k{x') 

'^Difk{x',Xn+i) = < - div r]kix' , Xn+i) for x' £ dflk,Xn+i < (t)k{x') 
*=i [o for x' G fife : dist(a;', dQk) > 4 (weakly). 

We now show how to construct Hk, fk satisfying the above properties. 
For any S > we define il^ to be the (5- neighborhood of dflk in Qk, i-e. 

ni = {x' e nk : dist(x', drik) < S}. 
Let {Sk} be a sequence such that 

3.2 4^0 and Sl^^\\HonJo ^ 

where -ffao^ denotes the mean curvature of dflk with respect to the inward pointing 
unit normal. We also take 5k small enough so that the nearest point projection, 
which we will denote by projgf2^(a;'), is well defined for all x' G fi^ ''. Notice that 
we can do this since dil,k is C°° and using [3?2l we have that 

3-3 |proJao,xK(2:)-proJaoxR(2/)l < C|x - y| Va;, y G rjf'= x R 

where C is a constant that is independent of k. This enables us to extend r]k in 
f^f" X R by letting T]k{x',Xn+i) = Vk{projgQ^{x'),Xn+i) = Vk{woioa^{x'),0) and 
for this extension, using 13.31 we have that 

3.4 Nfe]a.(n','=ni3?(x'))xR ^ C{'nkUidn,nB';^{x')) Vx' G dQk 
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where C is a constant independent of k. Similarly we can extend (/)fe in i7j, '' by 
4>k{x') = 0fe(proJ3Q^(a;')). Furthermore we pick the sequence {5k\ so that 

3.5 5l'^\\D4>uh^i)- 

We remark that this is a technical assumption that will be used later for proving 
global gradient estimates for a solution of 13.11 (cf. Lemma FS.lBp . 
With (5fe as above, we let 

„ , , . {H{x',xn+i) in(f]fc\r!f'')xR 

Hk{X ,Xn+l) = \ . s^ TO 

10 m llf!~ X M 

and extend it in the rest of the domain i7fc x R so that it is C^ , non-decreasing in 
the a;„+i -variable and so that |jiffc|JQ q xr — ll^llo sTxr- Hence we have constructed 
Hkj satisfying the properties described in (i) above. 
To construct fk, we define C/+, [/" C ill''^'^ x K by 

U+ = {{x', a;„+i) : x' e n[''^,Xn+i > Hx') + dist(x', dQk x M)} 

U~ ^{{x\Xn+l) -.x'^nl^'^^Xn+l < 0(x') - dist (x', 917fc xM)}. 

By Lemma [A. 11 Remark I A. 21 there exists a smooth vector field 
X = {X^, . . . ,X",X"+^) in U^, independent of the a;„+i-variable, such that 

n 

divX = ^DiX' == , X{x',Xn+i) = 2?7fc(a;',a;„+i) for x' G 90fc 
and 

\\^\\a,(B!;!{x')xR)nU- + ^"[^]a.(B;^{x')xR)nU- 

< C* {\\r]k\\o,iB:^{x')nank)xR + 7'"[?7fe]a,(S?(a;')n9nfe)xR) 

for any x' G dflk and where C is independent of k (for sufficiently large k). 

Using again Lemma [A. 11 Remark I A. 21 there exists a neighborhood Vk of dflk in 
ri/j such that 

nl!- c Vfe , Bi)^ix) cVk^xe dQk n b;'(o) 

and a smooth vector field Y = (r\ . . . , r", y"+i) in (14 \ O^") x M, independent 
of the Xn+i variable, such that 



divy = ^ Ai"' = , Y{x',Xn+i) = 7]k{x',Xr,+i) for x' G dVk \ dflk 

i=l 

and 

\\^K.{Bi;^{x')n{Vk\nl>'))xR + '' ^^L.{Bi;^{x')niVk\nl''))xR 

< C* (|j?7A:|jo,(B?(a;')naOfc)xR + r" [Vk]a,{B^ {x')ndnk}xTS.) 

for any a;' G dflk and where C is independent of k (for sufficiently large k). 

We then define /^ : [/ = t/+ U C/" U ((Vfc \ ^2^*=) x E) ^ M" as follows: For each 
i G { 1 , . . . , n} we let 

hlix) iixeU+ 

3 7 rf,) = H'-^^(^) if"^^" 

to if a; G (fifc \ ■14) X R. 
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One can easily check now, using the estimates for the norms of X and Y, the 
definition of C/± as weU as ESI [331 that fk = {fl,..., fj!) is a C°'" vector field in 
the domain U = U+UU- U ((Vfc \ ^2^'=) x M) and 

l!/fc||o,(B;%(a;')xR)n;7 + '''''[fk]a,{Bl^^^{x')xm)nU 

3.8 

< C' (|l?7fc||o,{S;'(3:')n9nfc)xK + 1"°'[r]k]a,(B^{x')ndnk)>(^) 

for any a;' € di^k H i?"(0) and where C is independent of fc. Hence we can extend 
fk in fifc X M so that the estimate 13.81 still holds (with U replaced by fifc x K) . 

Remark 3.9. By the construction of fk and using Lemma lA. 11 Remark IA.2I we 
note that X]"=i ^ifl *'^ '"'^^^ defined and smooth in {ilk x M) \ graph ^fc|an^ and in 
this domain 



i=l 



D^fl 



< c\\ divr/fcllo => S 



1/2 



E^^n 







1 in 

since S^.' \\H9nJ\a -^ (cf. 

Furthermore, since fk, as defined in 13.71 is independent of the Xn+i-variahle in 
each of the domains U'^ , U~ and {Vk \ ^k*")' ™^ '^'^"' cxienii it m 17^ x R so that it 
is still independent of the Xn+i variable in each of the domains 



{{x',Xn+i) ■■ x' e fiJ,^a:„ 



+1 



> 



{x') +A\st{x',dVLk X 



and 



{{x',Xn+i) : x' £ fi°^x„+l < 0(x') - dist(x',(9rjfc x M)}. 



In these domains we also have that X]i=i ^j/fc(^) *■' SQual to div rj 0^2 ki^) and 
— div jyaOfc (2:) respectively. This extra property of fk will be used later for prov- 
ing global gradient estimates for a solution of 13.11 (cf. Lemma l3.16p . 

Remark 3.10. The solutions Uk of the approximating problems satisfy a uniform 
sup estimate, i.e. if Uk € C^'"(J7fc) are solutions of the vroblems 13. li then 

\\ukh < M 

for some constant M independent of k. 

To see this note that by the assumption on \\H\\o and by Remark 13.91 for 6k 
small enough 



[ {Hk+J2D,fl)(:dU'' <(l-£o) / 



\DC\dn' 



for all (^ G C'o(^) and where Eq < 1 is a constant independent of k. Hence we get 
a uniform sup estimate |GTOH pg. 408]. 



(ji,a regularity of the approximating graphs 



In the following theorem, which is essentially an application of Theorem 12.161 
and AUard's regularity theorem |A1172j . we prove that the graphs of the solutions 
are close to planes in uniform sized balls. 

Theorem 3.11. For each k let Uk G C^-"{flk) be a (weak) solution of 13.11 For 
any e > 0, there exists Xq ~ Ao(e) such that the following holds: 
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For any k, Xk G graph m^ n (-B",g(0) x R) and A < Ao 
(1) A~^ sup dist(y — XfcjP) < e. 

graph MfcnB"+ (2:1-) 

for some n-dimensional linear subspace P = P(xfc,e, A). 

In particular if Xk G graph (/)fen(i?",g(0)xR) then (1) holds with an n-dimensional 



halfspace P+ = P+(a:;fe,e, A) in place of P, such that £ dP+ and 
(2) A^^ sup dist{y — Xk,dP^) < e. 

Proof We assume that the conclusion is not true. Then for some eo > and for 
any Aq > there exist kj , Xj S graph Uk^ n (P"/g (0) x M) and Xj < Aq such that the 
conclusion of the lemma for k ~ kj, Xk = Xj and A = Xj fails. Hence there exist 
sequences {kj}, {xj} such that Xj S graph Ufe^. and a sequence {Xj} | such that 



the conclusion (1) of the lemma with this eo s^nd with k = kj, Xk = Xj, A = Xj fails 
for all j . 

Since for all k, Uk & C^'°'{flk), we can assume that kj — > cxj. Hence without loss 
of generality we can take kj = j. 

Let dj = dist{x j,dnj x E). Standard PDE theory implies uniform interior C^'" 
estimates for the solutions of the of the problems 13. 11 therefore we can assume that 
dj -)■ (cf. Remark [nUl). 

In the special case when Xj € $j , we can apply Theorem 12.161 with x ~ Xj, 
X = Xj. Hence for any e > there exists jo such that for j > jo 

XJ^ sup dist(y — Xj, P+) < e 

graph UjH-B^ (xj) 

for some n-dimensional linear halfspace P-|_ with G 9P+, such that 
Xj^ sup dist(2/ — Xj,dP+) < e 

and so by taking e = e^ we get a contradiction, which proves the special case |(2)| 
of the theorem. 

We assume now that Xj ^ <f>j . Applying Theorem 12.161 with x — Xj and A = 
dj + Xj we get that for any e > there exists jo such that for j > jo 

(3) [dj + Aj)~^ sup dist(2/ -Xj,P)<e 

graph Mj nB^'+_^\^. (x, ) 

for some n-dimensional linear subspace P and 

(4) uj-\d, + A,)-"| graphs, n P^^^ {x,)\ <l + e. 

We will consider two different cases, namely liminf d~ Xj > or d^ = and 
liminf d^ Xj = and show that in both cases we are led to a contradiction. 
Case 1: liminf d^ A^ > or dj =0. 
In this case 1(3)1 impies that 



A,- ^ sup dist(y — Xj,P) < '-^^ — -e < ce. 

graph UjH-B^ {xj) 3 



Hence by taking e small enough, so that ce < Eq, where c is as in the above 
inequality, we get a contradiction. 
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Case 2: liminf d,- ^A, = 0. 
In this case for any p > 2n 



(5) 



A-n/p 



Ib" + \x,) 



H, 



i=l 



A/; 



d^.T, 



since either dj > 26 j, which iniphcs that B^~^}^{xj) G {x £ flj x M. : dist{x, dflj x 

M) > Sj} where J2^=i ^ifj — 0, or dj < 26 j in which case |(5)| is true because of 
Remark 13.91 

Furthermore |(4)| imphes that 

u;-'dJ-\gmphu,nB2;\x,)\ < (^l + ^J\l+e). 

Hence for any e' > there exists jo such that for all j > jo, graph Uj Ci B^^'^^ {xj) 
satisfies the hypothesis of Allard's interior regularity theorem and thus there exists 
9 G (0, 1) such that graph mj n Bg^^{xj) is the graph of a C^'" function Vj above 

an 71-dimensional linear space P, with the C^'" 
for all j < jo such that Xj < 9dj 



norm of Vj is less than e' . Hence 



A" 



sup 



graph tijfl-B^ {xj) 

which for e' = eo gives a contradiction. 



dist{y-Xj,P) < e' 



D 



We will show next that the graphs of the solutions Uk are not only e-closc to 
planes, as we proved in Theorem l3.1H but in fact they are e-closc in the C^'" sense, 
i.e. we will prove that around each point there exists a uniform sized ball in which 
graph Ufe is a C^'" manifold with uniformly bounded C^'" norm. 

Remark 3.12. For all k, Uk G C^'"(ri/c) and so graphw^ is a C^'" manifold-with- 
boundary equal to ^k = graph (/)/£. Therefore given eo G (0,1/2), for any k and 
X e graph Ufc there exists some p ~ p{k,x,eo) such that 



(1) 



\vkiy)-Mz)\ 
\y-z\" 



< So/4 \/y,ze S"+1(.t) n graph Mfe 



where for any point x ~ (x' ,Uk{x')) S graph Ufc, Vkix) is the downward pointing 
unit normal o/ graph u^ at x. Note that provided dist(a;, dQ x M) > d > 0, the radius 
p satisfying (1) is independent of k and x, i.e. there exists po = po{d,eo) < d such 



that the inequality in (1) holds with any k and x € graph Wfc such that B"^^{x) C 



{ilk \ ^fc) X R; recall that V.f = {x G H.^ : dist{x, dftk) < d}. That is because 
standard PDE estimates JKS881 IGTOll Chapter 13] imply that for any d > we 
have that 

sup ||wfe||i,a.!:i,\o? < C{d) 

{k:Sk<d/2} 

where C{d) is a constant independent of k. 

For any k, x G graph Ufc and p = p{k,x,eo) satisfying |(1)[ we have that 

(2) graph Uk n B"+^ {x) = graph v n B"+^ {x) 
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withv £ C^''°'{{x+{LxnU))r\Bp''^^{x); L^) and Lx = Tx graphuk, the tangent space 
0/ graph Ufe atx. Since v{0) = 0, |£'w(0)| = and for all x = (x',v{x')) € graph Wfe 
we have that 

, . i D^vix') D^v{x') 1 ^ 



v/l + |^f(a;')p''"' ^/l + \Dv{x')f ^\ + \Dv{x')\^ 



it is easy to check that (1) implies that 

\\v\\l,a < £0- 

Also U is a C^'" domain of Lx, since either 

i. $/£ n Bp'^^{x) — 0, in which case U ~ Lx or 

ii. x + idun b;+^ (0)) = proj^^ g,,ph n. i^k n i?,"+i {x)). 

Furthermore the function v satisfies the equation 

V A I , '^'^' I = div fk + Hk inUn B"(0) 

where for x' G 51/c, y' Cz x + {Lx H L'^) we /lawe identified {x' , Uk{x')) with (y', v{y')) 
using |(2)[ 



Given Eq, k and x £ graph u^, Zei p be such that (1) holds and assume further- 
more that for some e < Eq, -B""'"^(x) n graph m^. is e-close to some n-dimensional 
linear space P, i.e. 

p~^ sup dist{y — x,P) < e. 

We then have that 

p-i dist(P n Sp(0), Tx graph Ufc n Bp{0)) < e + Sq 

and it is then easy to check [by writing P as the graph of a linear function above 
Tx gTaphuk) that this last inequality implies that 

i|A^-i^fe(.T)|| <5£o/2 



where N is the normal to P. Using this and (1) we have that 

(3) \\My)-N\\ <\\My)-Mx)\\ + \\Mx)-N\\ <3eoVyegraphiifcnB;'+i(x). 

This implies that [(2)] holds with v G C^^°'{{x + {P D U)) D B'^+^{x); P^), such that 
ll'^lli.Q < 6eo CLnd where U is a C^'° domain of P. 

Theorem 3.13. Let Uk G C^'^'ip.k) be a solution 0/ [O For < eo < 1/4 there 
exists a constant po = po{eo), independent of k, such that 

Px = supJK (graph Ufc, a:, r) < Eq} < Po 

r 

for all X G graph m^ n B^,^q{0), where k is as in Definition 12. 11 

Proof. Let <T = 7-/8. By Theorem 13.111 we have that for any £ > there exists 
Ao ~ Ao(£) such that for any k, Xk G graph w^ n (-6^(0) ^ ^) ^^'^ A < Aq 

(1) A~^ sup dist(j/ — a;fc,P) < e. 

graph Mfcn-BJjJ + ^(xfc) 

for some n-dimensional linear subspace P = P{xk,s, A). 
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We fix a k, and define the following: 

d{x) =dist{x,dB^{0) x R) 



X e graph Mfc n $fc n (-B^(O) X 



d{x) 

xe (graphwfc\$fe)n(B^(0)x 



. dix) 
Note that both these minima are attained. Given e small enough (that will be 



determined later), let Aq = Ao(e) be such that (1) holds. We can assume that 



(2) min{0i,02} < imin{l/2,AoM 
since otherwise for all x g graph w^ n (5^/2(0) x M) 

Px > min{6'i,6l2}d(a;) > - min{cr/4, Ao/2} 

and hence the lemma is trivially true. 

Let x € graph Ufc n {B^{0) x R) be such that the following holds 

(i) If 6i < 4^2 then x G $*_, and p^ = 6id{x) 
(ii) If 9i > 49-2 then x ^ ^k and p^ = 02d{x) 
In both cases, using [(2)| we have that 

Px <Amm{ei,e2}d{x) < Ao/2. 

Therefore there exists an n-dimensional linear subspace Pq such that 

(3) (2pa;)"^ sup dist{y -x,Po) < e. 

gTuphu^nB^+J-ix) 

Remark 13.121 the definition of p^ and |(3)| imply that 



(4) graph Uk n i?,"+i (x) = graph v n i?,"+i (x) 

where v e C^'"{{x + {Pq n U)) n B'^+^{x); P^) is such that ||u||i,a < Geo and where 
[/ is a C^'" domain of Pq, provided that 2e < Eq/A. 

We will show that we can extend v in B?^ ^ (x) for some 7 G (0, 1) such that 
1(4)1 still holds with (1 + j)px in place of px and ||f ||i,q < ceo for some constant c. 

Let z € ^2pt^ (^) ^ graph Uk ■ Then because of the choice of x and using |(2)| we 
have that 

p. > d(z)min{^„^2} > ip.|g > \px (1 - ^) > Px/8. 

Furthermore by |(3)| 

(px/Sy^ sup dist(y - z, Po) < 16e. 

graph tifcnS^+/g(z) 

Hence, by Remark |3.12[ B"''^}^{z) (1 graph Ufc can be written as the graph of a C^" 
function above z + Pq with C^'" norm less that 6eoj provided that 16e < eo/4. 
Since dist(z — x, Pq) < 2epx, by a translation we have that 

(5) graph Ufc n B;+/g (z) = graph i;, n P;+/g (z) 
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where Vz € C^'"{x + {Pq n Uz);Pf^) is such that ||wz||i,q < 7£o and where Uz is a 
C*!^" domain of Po. 

Note that for z e graph w^ n 9B"+^, because of |(3)[ we have that 

graph I,, n B;+\{z) n B"^+\x) ^ 

and so 

graph Vz n graph w 7^ 

where v is as defined in |(4)[ Therefore, using the graphical representations in 
1(5)1 for any z € graph Wfe n dB^^^, we can extend the function v so that v g 
C^^'^iix + (Po n U)) n S^iVi/8)p. &); ^0^) and with 

(6) ll«l|i,Q < ceo 

where c is an absolute constant. For 7 € (0, 1/16), we can check (using again [(3)| ) 
that for any y S graph u^ n B?^ . (x) there exists z € graph u^ n dB'^J'-^{x) such 
that I2; — y| < Px/^- Hence for the extended function v wc have that 

(7) graph Uk n i?J\V7)p. (^) ^ g^'^Pli ^ f^ ^ri+7)p. (^) ■ 
Furthermore w satisfies the following equation: 






D, ( ^^=4^= 1 = div /fe + iJfc in [/ n Sfi+^/2),, (0). 



where as in Remark I3.12[ for x' G ^kiV' G 2; + Pq we identify (a;', Ufe(a:;')) with 
iy',v{y') using [(7)1 

For this function w if either [/ = R" or G i9C/ we can apply the interior or 
boundary C^'" Schauder estimates respectively, in Bp^{0) C B?^ ,^. (0), which 
imply that 

(8) !|i'||i.„,B..jo) < C'(e + p^[M„,B^,^^/„^jo)+P.||i^fcilo,sp,^^/,,^jo)) 

where C is a constant depending only on a,n,'^. In this case |(8) | implies a lower 
bound for p^- To see this note that the LHS is bounded below by c~^eo, where c is 



the absolute constant in (6) since if it wasn't true then (by |(6)| we would have that 
ll'^fe||i,a,B" (0) < £0 J which would contradict the definition of Pj,. Hence taking 

e small enough, the inequality gives a lower bound on p^, that is independent of k. 

To finish the proof we need to show that we can indeed apply the Schauder 
estimates, i.e. we need to show that either € dU or U = R". 

If a; G ^k then G dU. So we can assume that x ^ $fe which implies that 
01 > 46*2 (i.e. we are in case (ii), as described at the beginning of the proof). We 
will show that $fc n B?^ ^ (x) = and hence U = R". Assume that for some 
X G $fc, |a; - x| < 2pa:. Then 



d{x) d{x) 

where we have used |(2)[ Hence B'!^'^^,^{x) C B"^^{x). But this would contradict 
the definition of p^ and so dist(.T, ^k) > "^Px- O 
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Remark 3.14. Theorem 13.131 implies that for any e > there exists po = Pois) 
such that for all k 

\\Mx)-'My)\\ <e|a:-2;|", Vx, ye graph Mfcn(B;?/i6(0) xR) : \x ~ y\ < po 

where Vk denotes the downward unit normal of graph Uk ■ 

Recall that dfl, $ are compact, C^'" embedded submanifolds, which along with 
Remark 13. 121 imply that for any e > there exists po = pois) such that for all k 

\\vk{x) - i^k{y)\\ < e\x-y\" , Vx,y G graph w^ : \x - y\ < po 

where po now also depends on 

sup{r : K{dn,x,r) < l,Vx G dfl and K{^,x,r) < l,Va; G $}. 

r 

Let M = supj2 . \uk\ and recall that M is independent of k (cf. Remark 13. 9p . Cov- 
ering rjfc X [—M,M], by balls of radius po we conclude that 

\\vk{x) -Vk{y)\\ < C\x-y\°' , \/x,y G graph Ufc 

where C does not depent on k. 

Gradient estimates for the solutions to the approximating problems 13.11 

Our goal here is to show a priory C^'"' estimates for the solutions Uk G C^'°'{Vtk) 
of 13.11 That will allow us (cf. Theorem 13. ISp to apply the Leray-Schauder theory 
to prove existence of such solutions. 

We first show that for each fc, we have boundary gradient estimates for a solution 
Uk; by using local barriers at each boundary point. In particular we have the 
following: 

Lemma 3.15. Let Uk G C^'°'{Q,k) be a solution of 13.11 then 

WDukWo.dnk < C 
where C depends on 6k, ||ufc||o, H-^aoJIo and ||0/c||2- 

Proof For any x'^ G dQk let N = Bl^ (x'f^) n Vil^'"^ and let 0j;,(/)| : TV ^ R be C^ 
functions that satisfy the following 

<t>l{x') > Mx') > <t>l{x') W G dNndnk 

<l>l{x') > WukWo , ^lix') < -WukWo yx' G dN \ d^k 
and 

<j)l{x') > (t)k{x')+6ist{x',dak) , 0fc(a;') < <j)k{x' ) ~ disi{x' ,dVlk) Vx' G N 

so that 

{x', 4>l{x')) G C/+ , (x', 4>l{x')) G U- Vx' G N 
where U^ are as defined in 13.61 so that 

~{ *' '' |-div?7fc inU" 

where rjk is the inward pointing unit normal to dQ.k x IR, extended in Vtf!' x M, so 
that r]k{x', Xn+i) = rik{wo]dnAx'),Xn+i). 
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We look at the following Dirichlet problems: 

y D, ( , ^'"fc , 1 = divryfe in N 
u^, = (/)^, on aiV 

yi^Y^^d^l =-div77feiniV 

(2) tt [V^TWWJ 

ul = (j)l on aiV. 

By standard PDE theory jGTOll Theorem 14.6] we know that there exists a 
positive function -0 : R — > M.^ , such that for the functions defined by 

^+(x') = cl^lix') + ^(d(x')) , i^-{x') = <g{x') - ^{d{x')) 

where d{x') = dist(a;', dil,k), we have that 



and 



y D, , "''^^ < div% on N 



y A I I > - divTifc on N. 



So ■0''' is an upper barrier for a solution u^ £ C^'"(il) of the problem (1) at the 
point Xq, 'ip~ is a lower barrier for a solution u^. S C"'^'"(ri) of the problem (2) at 
the point x'q and their gradients satisfy an estimate 

(3) \Dij+{x',)\,\Di;-{x',)\ < C{\\HonJ\o,Ukh,S^^Uk\\o), 

a constant depending on \\Honk\\o, ll^fclb and (5^^||Mfe||o. 

We claim that i/'+ and iJj~ are also an upper and respectively a lower barrier for 
U}^ ac Xq . 

Let 

N+ ^{x' eN : Ukix') > 0+(a;')} , N- = {.t' e TV : Ufe(a;') < 0~(a;')}. 
Since '0'''(a;') > Uk{x') > i(;~{x') for all a;' G 9A^, we have that 

Uk{x') = ip^{x') on aA^+ and Ukix') = 0"(x') on dN^ . 
Furthermore since ip^{x') > 0^(a;'), 0~(x') < 0^.(a;'), we have that 



Hence 



and 



(a;',Mfc(x')) e U+ , V.t' e iV+ and (x',Wfc(x')) G C/" , Va;' G iV" 



p-i^fffeFJ^S--^-^'""'""^ 



y 7^£^^^\ ^y^j. =_divr;fciniV-. 

Thus, by the comparison principle we have that Uk{x') = ip~^{x') for all x' € N~^ , 
Uk{x') = Tp~{x') for all x' £ N~ and so ■0"'" and 0~ are upper and respectively 
lower barriers for Uk- O 
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We claim now that the boundary gradient bounds (Lemma I3.15|) along with the 
C^'" estimates that we have shown for the graph of Uk as a submanifold (Theorem 
I3.13p . imply global gradient bounds for the function Uk- 



Lemma 3.16. Let Uk € C^'"(rife) he a solution of 13.11 then 

sup \Duk\ < C 

where C depends on \\Duk\\o.dnk, supj^^ \Hk\ + \DHk\, \\(f>kh and supg^^^ \HdnJ + 

Proof. Recall that by the construction of the approximating problems, in the do- 
main 

((rife \qI'')xR)U {(x',x„+i) : x' e f^feMx„+i - 0fe(x')| > dist(x',af7fe)} 

the mean curvature of graph Wfe, H^ + J^^^fl i^ smooth and its derivative with 
respect to the a;„+i -variable is non- negative (cf. Remark l3.9p . Hence, by standard 
gradient estimates for a solution to the prescribed mean curvature equation |KS88j , 
it suffices to show that that for any Xq G dflk 

(1) \Duk{x')\ < C , Vx' e B\{x'„) : \uk{x') - Mx')\ < 2dist(x',af]fc) 

for some constant C as in the statement of the lemma. 

Let xo = (a;Q,Mfe(xQ)) € $fe. Recall that we picked S^ so that we can extend 
0fe in n^^^ by letting (j)k{x') = (j)k{pj:ojgQ {x')) and by 13.31 we have that for any 

\Mx') ~ My')\ < C6k\\Dq,k\\o 

where C is a constant independent of k . We have also picked Sk so that (5^' 1 1 D^fc | j g — 
(cf. 13. 5p . hence for 6k small enough: If x' £ B^g {x'q) and \uk{x') — (pkix')] < 
2dist(x',9r!fe), then {x',Uk{x')) S B''+l{xo). 

By the uniform C^'" estimates for graph Ufe (cf. Theorem 13.131 Remark 13. 14p . 
there exists pa such that for all k 

(2) \Wk{x) -i^k{y)\\ < \x-yr, \/x,y e graph Ufe : |a; - 2;| < Po 
where Vk is the downward unit normal to graph Uk ■ 



1 /2 

so that 6 J < po and 



Let K = 1 + supfe ||D0fe||o. We will show that (1) holds for all 6k small enough 

■1/ 

k 



(3) ,5fc/' < , ^ ^ ^ 46^ + 16(6'^^^ K)^ < 1. 

V J k 2V1 + 4A'2 '^ y k J 

We will consider two different cases: 

Case 1: |Dufe(xo)| < 2K. Then for any x = {x',u{x')) e i3"+2(.To) we have, by 



2 3 



> 



^l + \Duk{x')\^ y/1 + \Duk{x'oW 



6^^^ ^ \Du{x')\ < 4{1 + K) 



in which case (1) holds 
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Case 2: \Du{x'o)\ > 2K. Then, by[(2)][(3)] for any x = {x',u{x')) G B'\+l{xo) 

°k 

wc have that 

1 1 



< , . . ,^,^ : + Sl^' ^ \Du{x')\ >1 + K. 



Hence in this case 

(Sj+l(a:o)n graph Wfen(B2\K)x]R))\*fc C {{x',Xn+i) : \x.n+i-Mx')\ > 2d{x)} 



and so (1) is triviaUy true. D 



Existence of solution to the approximating problems 13.11 

Lemma 13.161 and standard apphcations of the De Giorgi, Nash, Moser theory 
give the fohowing C^-" estimates [GTOH Theorem 13.2]. 

Corollary 3.17. Let Uk G C^''^{^k) he a solution of 13.11 then 

ll«fclli,a,n. <C 

where C depends on Sk, supj-j^ l^fcl + \DHk\, \\4>k\\2 and supgjj^ {HdnJ + iDHgnJ- 

We can now prove the existence of a solution to the problem 13.11 
Theorem 3.18. The Dirichlet problem 13.11 /tag a solution in C^'"(r2fc). 
Proof. Let p > n/{l ~ a). We define the family of operators 

T, : C^^^iHk) ^ W^^P{nk) , a e [0,1] 

such that for any v G C^'"{nk), u = T^rV is defined to be the solution of the linear 
Dirichlet problem 

(1) 



fly (x', Dv)DijU = ga{x' ., v) in ilk 






where 



and 



aij[x' ,p) = 



u = a4>k on dflk 
Sij PiPj 



^i^H^ {VTTW) 



ga{x', Xn+l) = (jHk{x',Xn+l) + ^ DJl^^{x , Xn+l) 

4=1 

where the vector field fk,a is constructed in the same way as fk was constructed 
in the beginning of this section (cf. construction under equation 13. ip , but with 
boundary data <7(j)k instead of (pk and 6k replaced by s{a)Sk, where s : [0, 1] -^ [0, 1] 
is a continuous increasing function such that s(l) = 1 and s(0) = 0. Note that then 
[/fc.crla < c[77fc]Q,, wheie rjk is the inward pointing unit normal to dflk x K. 

Claim: For all a £ [0, 1], T^ is well defined, compact and continuous. 

Qij S C°(Slfe) and gcr{x' ,v{x')) is bounded and thus in LP{Uk)- Hence, there 
exists a solution T^v = u G W^'Pink) of [(1)] |GTOH Theorem 9.18] and by the 
Calderon-Zygmund inequality, for this solution we have that 

(2) \\u\\w-..<Ci\\,Pk\\w-.P + \\ga\\p). 
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Therefore T^ is well defined. 

Assume now that {vi} is a sequence of functions in C^'"(ri/c), such that for some 
K>Q 

Then, by the Arzela-Ascoli theorem, after passing to a subsequence, Vi — > w G 
C"'^'"(r2fe), where the convergence is with respect to the C^'" norm, for all a' < a. 



Let Ui = Tg-Vi- Then, because of (2) and by the Sobolev embedding theorem 



[GTOll Theorem 7.26], after passing to a subsequence, m^ — >■ u with respect to the 
(ji,a jjorm for all a' < a and where u G W^'P{i^k)- Furthermore u is a solution to 
the equation 

aij{x',Dv)D,jU = gg{x',v) in Qk 
and since Ui ~ a4>k on d^k for all i, we have that u = acfiu on d^k- Hence 

and thus T„ is compact and continuous. 

If Ua is a fixed point of the operator T^, then Ua is a solution of the following 
Dirichlct problem 

(3) ,^1 \^l + \Du,\^) ,^^^ 

u ~ (jtpk on d^k- 

Since is the unique solution for T^{Q) and a fixed point of Ti corresponds to a 
solution of the problem 13. 1[ the Leray-Schauder theory implies that 13. II is solvable 
in C^'°'{^k) if there exists a constant C such that 

(4) ha||l,a<C, VaG[0,l] 



m 

larky 



where for each cr, u<t € C' '"(fife) is a solution to 

Since IJUo-Ho are uniformly bounded (cf. Remark l3.10p and because of standard 
PDE estimates |GTOH Theorem 13.2], for proving [(4)| it suffices to show that 

(5) public < C, VfiG [0,1]. 

Note first that the results of this section concerning the regularity of the ap- 
proximating graphs of the solutions to 13.11 (Theorems 13.111 I3.13P are applicable for 
the family of problems given in |(3)| for a G [0,1]. Hence Theorem 13.131 implies 
uniform (independent of a) C^'" estimates for the graphs of the solutions u„ as 
manifolds. Furthermore for each u^, Lemma 13.151 implies a boundary gradient es- 
timate ||£'ucr||o,anfc < e'er, possibly depending on a and consequently we can apply 
Lemma 13.161 to get a global gradient estimate for each u^ (depending on Co-). 

We will show that by choosing the function sia) appropriately, Ca is in fact 
independent of cr, which would imply [(5)| 

By the construction of the barriers in Lemma 13.151 (cf. estimate |(3)| in proof of 
Lemma r3.15l [GTOll Chapter 14]) we note that it suffices to show that s(cr)^^||ucr||o 
arc uniformly bounded. The following sup estimate shows that this can be achieved 
as long as we take s = s{a) = cr^/^. 

Let V = [ua — /)-!_, where I — sup^j^ llc^/cjlo- For some £1,62 G (0, 1), let also 

ni ^ {fik \ n'lf") n {x -. \Du4x)\ > ei} , riz - {rik \ nl^') n {x -. \Dua{x)\ < ei} 
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and 



n-l = nf" n {x -. \Du„{x)\ > £2} , n'^ = nf' n {x -. \Du„{x)\ < £2}. 



By using u as a test function in the weak form of the equation |(3)| we have: 

/' , / \Dv\dn" + -t1= f \Dv\'dn" 

^' ^ 'DvldW' + . ^ .. / iDvl^dH'' < 



Ca[ / \Dv\dn"+ iDvl'dW + l 

'q.2 Jill 



2 J-l/n 



Jq.2 

+ Cs^/^if \Dv\dn''+ f \Dv\^dn'' + s] 

\Jnf^ Jni J 

where C is a constant depending only on ||i/fe||o, \^k\ (cf. Remark 13. lOp . So for 
£i = cr^/^, £2 = 4Cs^/^ (where C is as in the above estimate) and for s,a small 
enough and we get the following: 

ai/2 f \Dv\dW + 5^/2 / \Dv\dW < C{a + s^+^^^) => 
ai/2 f iDvldW + 5^/2 f iDvldW" < C{a + s'+'^^) + C{a + s^) ^ 

and by the Sobolev inequality 

TI-l 

This implies a sup estimate (cf. |GT011 Section 10.5]): 
where C is independent of s,(7, provided that cr^'^ < s. 

4. Main Theorem and applications 



D 



As in Section [31 we let fi be a C^'" bounded domain in M" and $ a compact, 
embedded C^'" submanifold of 917 x M. We will use the following notation: 

The set (917 x R) \ $ is the union of two disjoint open connected components 
[/$, V$, where C/$ D {(a;',a;„+i) : x' G i90, a;„+i > i?} and V$ D {(a;',a;„+i) : a;' € 
917, a;„+i < — i?} for sufficiently large R. We can think of these components as the 
parts of the cylinder Qfi x R that lie "above" and "below" $ respectively. Then for 
any multiplicity one n-current S with spt 5 C fi x R and dS = |$] , there exists a 
multiplicity one (n + l)-current, which we will denote by S*, such that 

4.1 S = |V%] +95^, spt 5 c Jl X R. 

We now state our Main Theorem: 
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Theorem 4.2 (Main Theorem). Given H, a C^" bounded domain of M", $ a 
compact, em,bedded C^'" subm,anifold of dfl x M, such that for a sequence 4>i £ 

n't-, a 

C^'"(9ri), graph (/); — > $ and H = H{x' ,Xn+i) a C^ function m fi x R, which is 
non decreasing in the Xn+i-variable and such that \\H\\o < nutn ''\^\^^'^'' , we let u 
be a function in BV{^) that minimizes the functional 

J^{u) = I \/\ + \DuYdx' + / / iJ(a;', a;„_|_i)(ix'(ix„+i + hm / \u — <^i\dx' . 

Jn Jn Jo '■ Jdn 

Then for the current T ~ [graph m] + Q, where Q is the multiplicity one n- 
current such that spt Q C dil. x M. and dQ = |$] — |traceu], sptT is a C^" 
manifold-with-boundary, with boundary given by $. 

Moreover this current T = T(Cl, $,iJ) locally minimizes the functional 

(1) M(r) + / H (x , Xn+l)dx' dXn+l 

JsptT 

among all n-currents with boundary |$] and support in f7 x M. 

Proof. Without loss of generahty we can assume that e d^. Wc also let r > be 
such that (17,$) G S° (cf. Definition [2J]) . 

We use the approximating method described in seetion|3]with the given boundary 
data (J7,$). Let Uk E C^{flk) be the solutions to the approximating problems 
defined in 13. II 



Uk = 4>k on dVlk 

where ilfc — > 17 and ^felaot — > *& with $fc = graph (^fc. Note that the solutions 
Uk exist by Theorem 13. f 81 

Then, by Theorem I3.f3[ we have uniform C^'" estimates for the graphs of Uk 
(independent of k). In particular given eo, there exists p such that 

K(graphufc,p, Xfc) < eo , Vxfc e graph Ufc and Vfc 

where k is as in Definition 12.11 



Assume now that B''^V-{x) C ]R"+^ is such that B^t^{x) D graph Wfe 7^ for 
infinitely many k. Then for these k, B"f^{x) n graph m^ is the graph of a C^'" 
function, of norm less than eg, above some n-dimensional affine space Pfc. After 
passing to a subsequence Pk — > P, where P is an n-dimensional affine space and 
hence 

(3) graph Uk n B"^+^ (x) = graph Vk n B'^+^ (x) 

where Vk G C^'"(Pn Uk]P^) is such that |jWfc|li,Q < 2eo and where Uk is a C^'" 
domain of P. Notice that either Uk = P ot else $fc n Bp{x) 7^ in which case 

dUk n B^/V(^) = Pi'OJp($fc n S^/+^(x)). In the latter case, since $fc '^ $, we 

have that Uk ^ t/, where [/ is a C^^" domain of P such that ac/ n B"+^{x) = 



projp($nB"V(x)) 



p/2 
p/2 
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Hence we can apply the Arzela-Ascoli theorem to the sequence {vk}, to conclude 
that, after passing to a subsequence, 

(4) Vk -> V 

with respect to the C^'" norm, for any a' < a, where v € C^°'{Pn U; P^) is such 
that ||w||i,Q < 2eo and furthermore 

graph ufc n B'^+\x) '^ graphs n B^+^{x). 

Since ||ufc||o arc uniformly bounded, there exists a compact subset D C M"+^ 
such that graph Ufc C D for all k. Covering D with finitely many balls of radius p 
and applying the above discussion in each of them we get that after passing to a 
subsequence 

pl,a' 

(5) graph Ufc — > M 

for all a' < a and where M is an embedded C^'°' manifold-with-boundary $ and 
such that for any x £ M, k{M, p, x) < 2eo- 

For the sequence {ufe}, by standard PDE estimates (as discussed in Remark 
I3.12P we have uniform C^'" estimates in compact sets of il (independent of k) and 
thus, after passing to a subsequence, {u^} converges with respect to the C^'°' norm 
on compact sets of 51, for any a' < a, to a function u £ C^'°'{il). Hence we have 

that A/n (£7 X R) = graph it. Furthermore, since u^ satisfy the equation in |(2)| and 

^1, 




:^H{x',u{x')), inn. 

Let T be the multiplicity one n-currcnt such that spt T = M. Then dT = |$] 
and T = [graph u| +Q, where Q is the multiplicity one n-current such that spt Q C 
dftxR and dQ = |$] - [trace w] 



u satisfies equation |(6)| and therefore T minimizes the functional in (1) of the 
theorem. To sec this, let W CC 17 x M and let 5 be a multiplicity one n-current 
with boundary |$| and such that sptT = spt 5 outside W. 

Then T ~ S ~ d{T — S), where T,S are as defined at the beginning of this 
section (cf. equation 14. 1|) and note that T — S has support in VF n (fi x R). Let 

n+l 

uj = ^(-l)*"'"^ei • vdxi A ■ ■ ■ A dxi A ■ ■ ■ A dxn+i 

i=l 

where v is the downward pointing unit normal to graph m extended to be an R"+^- 
valued function in 51 x R so that it is independent of the a;„+i-variable. Then, 
because of the convergence in |(5)[ Tk ^ T (where T^ = [graph Ufc]) with respect 
to the C°'" norm, for any a' < a. Hence T{uj) = M_{T) and arguing as in Lemma 
12.91 we have 

T{uj) - S{uj) ^{f - S){dLj) ^ 

(7\ KiT)-mS)<~ [ _ ^H{x',Xn+i)dxdXn+l 

[') JsptT\sptS 

+ I _H{x',Xn+l)dxdXn+l 

J spt S\spt T 



C^° THEORY FOR THE MCE WITH DIRICHLET DATA 33 



Hence T minimizes the functional defined in (f ) and so u minimizes J^. D 



Remark 4.3. // S is another n-current with boundary |$] and support m 51 x 



that minimizes the functional defined in (f) of Theorem [421 then T = S almost 



everywhere. To see this note that by the argument \(7)\ in the proof of Thcorcm l4.2l 
we have that 



KiT) = MiS) = <S,T> dfis- 

Jspt S 

Therefore spt S* n ($7 x R) = graph u + c, for some constant c and hence u + c (as 
well as u) minimizes the functional J- . Hence i/ trace m n <& 7^ then S = T and 
T is the unique current with this minimizing property. In particular we know that 
u{x) = 4>{x) for any x G dVt such that Hqq_{x) > \H{x,(j){x))\ |Mir7f b| . 

Remark 4.4. The regularity ofsptT, where T — (ri,$,_ff) (as defined in Theo- 
rem [421) depends on that of dCl, $ and H in a continuous way and the boundary 
regularity of spt T is a local result: 

By the proof of Theorem 14.21 we see that sptT can be approximated in the C^'" 
sense (cf. Definition 12. tp by a sequence of graphs of solutions Uk to the approxi- 
mating problems 13. fl {as described in Section [3l). Furthermore for this sequence we 
also have that \\uk — m||i,q',w -^ for all W CC fl, a' < a and \\uk\\i^a,w < C, 
with the constant C depending only on \\H\\ci, the C^ norm of H . Hence \\u\\i^a,w 
and therefore sup{r : K(spt T, x, r) < 00} for any x e spt Tn (il x K) depends only 
on\\H\\ci. 

For points x = {x' , Xn+i) G spt T n (951 x M) we have {by Theorem 13. f 31 and the 
proof of Theorem l4.2p that sup{r : ^(sptr, x,r) < 00} depends on \\H\\(ji but also 
on sup{r : K{dVl, x' , r) < 00} and sup{r : k($, x,r) < 00 , Vx = (a;', <)£<&}. 



In the foUowing corollary, which is an immediate consequence of Theorem 14. 2[ 
we give some properties for the trace of the function u that minimizes J-", as defined 
in Theorem! 



Corollary 4.5. Let (fl,(f>), H, u and T = T{fl,^,H) be as in the statement of 
Theorem [121 

i. If trace u n <& 7^ 0, then Vx = {x' ,Xn+i) G traceu n <& there exists p > 
such that either B'^+^{x) n Kj, = or B'^+^{x) n C/$ = 0. The radius p 
depends only on sup{r : K{dfl,x' ,r) < 00}, sup{r : «(<!>, a;,r) < 00 ,\fx ~ 
{x',t) e $} and \\H\\ci {because of Remark H^ 
ii. If for some x' € dfl, x ~ {x',Xn-i-i) G trace wH C/$ then T{x) coincides 
with the inward pointing unit normal of dfl at x' and if x = (x',x„+i) G 
trace M n V$ then T{x) coincides with the outward pointing unit normal of 
dVi at x' . 
[/$ , V$ are as defined at the beginning of Section [H 

Higher Regularity 

In this paragraph we show higher regularity for spt T, where T is as in Theorem 
I4.2[ provided that we impose some additional regularity conditions on $,9il. 



Lemma 4.6. If in addition to the hypotheses of Theorem 14.21 we assume that dfl 
and $ are W'^'P submanifolds, for some p > n, then for the current T = T{Q,, $, H), 
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as defined in Theorem 14.21 we have that sptT is a W'^'P manifold-with-boundary, 
with boundary given by $. 

Proof. Note first that since dfl, $ are W'^'^, they are also C^'" for a = 1 — n/p and 
hence (by Theorem |4:2|) sptT is C^'". 

Following the proof of Theorem 14.21 we can construct the vector fields fl in the 
approximating problems, as defined in|(2)|in the proof of Theorem 14. 2 [ so that 



sup II 2j^«/fcllp < °o ^nd sup||0fc||n/2,p < oo. 

k -^^ k 

Something which is possible because dil, $ are in W^'P (see also Lemma FA. H Re- 
mark IA.2P . 

Let Vk be the local graphical representations of graph Ufc, as defined in |(3)| in the 
proof of Theorem 14.21 Vk € C^'°'{P D Uk] P^), for some n-dimensional affine space 
P are such that 

graph Wfe n B''^+^{x) = graph Ufc n B''^+^{x). 
Recall f Remark 13. 12p that Vk satisfy the following equations 






DiVk 



^ \^l + \Dv,\^) t^ 
and if 9$^ n B'^f^ {x) 7^ we also have that 

vk = ^kOxi^Ukr^B^+^{x). 

Applying the Calderon-Zygniund inequality to the solutions V}^ and noticing that 

n 

supll^ A/fc + -H"fc||p < 00 , sup||0A;||w-2.P < 00 

fc ^^^ k 

we conclude that ||wfe||vy2.p arc uniformly bounded. This implies that v is in W^'^, 
where v is as in |(4)| in the proof of Theorem 14.21 and in particular 

IK'||w2,p < sup||vfe||vi/2,P. 

k 

Hence M = sptT is a W^'^ submanifold (see |(5)| in proof of Theorem 14. 2p . D 

Let n,<^,H,u,T = T{n,^,H) be as in Theorem |4^ Then by standard PDE 
theory, sptTn (J7 x R) is a C^ manifold. However, near points x £ trace w the best 
we can expect is that sptT is C^'^. We will show that this is the case, provided 
that we impose higher regularity conditions on fi, $. In particular we will show that 
around those points spt T can be expressed as the graph of a function that satisfies 
a variational inequality, an observation that for the case H = and for points 
X e trace w \ $ was first made in JLL85J . Thus using regularity results for such 
functions |BK74| [Ger85| we will show that sptT is a C^'^ manifold-with-boundary 
provided that i7 is a C^ domain and $ is a C^ manifold. 

Theorem 4.7. If in addition to the hypotheses of Thcorem l4.2l i7 is a C^ domain 
and $ is a C^ submanifold of dfl x R, then for the current T ~ T{Q,, $,i7), as 
defined in Theorem 14.21 we have that sptT is a C^'^ manifold-with-boundary, with 
boundary given by $. 
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Proof. Let x = {x',Xn+i) G traccu. By Theorem 14.21 there exists p > such 
that _B"+^(a;) n sptT can be represented as the graph of a C^'" function above 
P = T!i;(sptT), the tangent space of sptT at x, i.e. 

(1) B'^+'^ix) n sptT = graphs n B'^+^{x) 

where v € C^'°'{{x + {P (1 U)) n B'^+^{x); P-^) is a C^^" function and U a C^-" 
domain of P. 

Assume that P ^ T^id^ x M), the tangent space of dVL x K at x. Then, because 
of Corollarv l4.5l (ii). we have that a; e <f> and after replacing p with a smaUer radius 
if necessary we have that 



p 



(S"+i(x)nsptT)\$cOx 



since sptT is C '". Hence v satisfies 

(cf. Remark[3l2]). Also for 9C/wc have that graph w|^+a[/nB;,'+i(x) = $nB;,'+i(a;). 
Hence standard PDE estimates imply that v e C^((.t + (T n F)) n B^'+i(a::); P-^), 
provided that $ is C^'". 

Hence we will assume that P — Tx{dfl x R). In this case v doesn't satisfy 
a prescribed mean curvature equation. However we will show that due to the 
minimizing property of T (Theorem 14. 2[) , it satisfies a variational inequality. 

Note that we can also represent (dil x M) n Bp~^^{x) as the graph of a C^'" 
function above P = Tx{dfl x R), i.e. 

{dn X R) n B^+\x) = graph ^' n B^+\x) 

for some ^ e C^'°'{{x + P) n B'^+^{x); P-^). 

In case $ n S"+Ha^) 7^ 0> we define / : (cc + 9[/) n 5"+^-^) ^ ^^ to be the 
restriction of v on dU, so that 

$nP;'+i(a;) = graph fr\B'^+\x). 

We also define the following set 

K = lweC°^\{x + {Pr\U))r\B'^+\x);P^) ■.w>^p, 

w = f on{x + dU)n Pp+^(x) , u; = u on dB''^+\x) n{x + U)\. 
Then because of the minimizing property of T, v minimizes the functional 

B{v)^ ( Vl + \Dv\'dH''+ f f H{x\xn+i)dxn+idx' 

J {x+u)r]B'^+^ (x) J{x+u)nBi;+^(x) J-4,(x') 

among all functions in K, where as usual for x' € fl, y' Cz U we identify (x', u(x')) 
with (y', v{y')) using |(1)| here u is such that spt T n (17 x R) = graphu. 

Since K is a convex set, for any w € K, the function A : [0, 1] — > B{v + X{w — v}), 
attains its minimum when A = 0, therefore 

— B{v + X{w -v))>Q^ 
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and hence v satisfies the variational inequality 

(2) < Av + Hv,w-v>>0 , VweK 

where 

Av = -yDA , '^ ^ and Hv = H(x' ,v(x')). 

Therefore by a theorem of Gcrhardt }Ger85| , if V" is of class C^ and / is of class 
C^ then V is a C^'^ function. 

We remark here that in case (x + [/) n B^'+^(a;) ^ {x + P) f^ B'^+'^{x) (i.e. if 
X € trace M \ $) then v satisfies [(2)[ but with the set K defined by 

K^{we C°'\ix + P)n B';+\x);P^) ■.w>i',w^von dB^+^x)}. 

In this case, as was first shown in |LL85| . we can also derive that u is a C^'^ function 
provided that t/j is of class C^ by a result in |BK74| . 

D 

Finally we state a result about the regularity of the trace. It is known |Sim76| 
ILin87j that above a C^ portion of dil where Hqq,{x) < \H{x, (j){x))\, the trace of u 
is a Lipschitz manifold. In the following Theorem we show that because of Theorem 
14. 7[ we can apply a result of Caffarelli jCafSO] to show that it is actually C^ . 

Theorem 4.8. In addition to the hypotheses of Theorem 14.21 assume that fJ 
is a C^ domain and $ is a C^ subm,anifold of dfl x M. Let S ~ {x' G dfl : 
Hgfi{x') < |iJ(a;', a;„_|_i)| , V(a;',a;„+i) G $}. Then the trace of u above S is C^ , 
where u G BV{^) is the minimizer of T , as in Theorem 14.21 

Proof. Following the notation in the proof of Theorem 14.71 we introduce the func- 
tion V = V — ip and define the set 

F(v) = d{ye UnB^i+^x) : u(y) >0}nd{x(z U n B'^+^x) :«(?/) ==0}. 

Then F{v) = tmceuD B^+\x). By jSim76| lLm87| . F{v) is a Lipschitz manifold. 
If we furthermore know that zJ is a C^'^ function then we can apply the results in 
[Caf80| to conclude that F{v) is C^. This completes the proof, since if dfl, $ G C^, 
then by Theorem |1?7] v e C^'^. D 

Corollaries, Applications 

We show that for u G BV{D,) minimizing the functional J- (as in Theorem 14. 2p . 
the trace of u changes monotonely if we change the boundary data monotonely: 

Lemma 4.9. Let H,VL,<^j,Tj = T{il,^j,H), for j = 1,2, be as in Theorem 
and such that V^^ C V^^ . Then 

spt f 1 C spt Ta 

where V$.,Tj, j = 1,2 are as defined at the beginning of section \^ (cf. 14. ip . 



C^° THEORY FOR THE MCE WITH DIRICHLET DATA 37 

Proof. For j' = 1, 2, wc approximate spt Tj by graphs of solutions uj. to the approx- 
imating problems defined in 13. II (as in |(2)| in the proof of Theorem 14. 2p . Note that 
we can take uj^, for j ~ 1,2, to be solutions to the same equation 

.=1 \^l + \Dui\^J .=1 
and their boundary values to satisfy 

The above equation satisfies the comparison principle and hence uj^{x') < uf.{x') 
for all x' S ilfc. The lemma follows by letting fc — )• oo. D 

Finally we want to show (Theorem 14. lip that in case n = 2, for a large class of 
boundary data Q, <I> the trace of the minimizer of the functional J-' with H equal 
to a non-negative constant has a jump discontinuity at a point where the mean 
curvature of dfl is less than —H and along this discontinuity it attaches to the 
prescribed boundary in a subset with non-empty interior (relative to the boundary 
manifold). For this we will need the following lemma. 

Lemma 4.10. Let il,^,H be as in Theorem 14.21 Suppose that {^t}telo,i] ** o, 
continuous (as map from [0, 1] into the space ofC^'" manifolds) 1 -parameter family, 
where for each t G [0, 1], $( is the limit of C"'^'" graphs above dfl and such that it 
satisfies the following: 

There exists Xq G dfl and cr > such that: 

i. '^tn{B^{x'o) xM) = $n(BJ(a;[)) x R) for all t e [0,1]. 
ii. {(x', trace Mo (a;')) : x' G dnnB^lx'^)} C Kf. 
iii. {(x',tracewi(x')) : x' G 9f7nS^(4)} C U^. 

Here for each t G [0, 1], Ut G BV{fl) is a minimizing function of the functional T 
with given data (!},$(, i7). 

Then for each cci G $ H {B^{x[^) x M) there exists t = t{xi) G (0, 1) and e > 
with {{x',tTa.ce ut{x')) : x' G dn}r]B^+^{xi) = $ n B^+1(.ti). 

Proof. For each t, (957 x R) \ trace uj is the union of two disjoint connected com- 
ponents Ut, Vt, where Ut D {(x',x„+i) : x' G 917, a;„+i > R} and Vt D {{x',Xn+i) : 
x' G di},Xn+i < -R} for sufficiently large R. Given .ti G $ n {B^{xq) x R), let 

ti = sup{i G [0,1] : xi G Ut} 

and 

t2 =inf{iG [0,1] :xi eVt}. 

Note that by the assumptions ii, iii and because of Remark 14.31 ^11^2 G (Ojl)- 
Take any sequence ti l ^2- Then by ii of CoroUarv l4.5[ T{^, $(.)(a;i) coincides with 
the outward pointing normal of dil x R at xi for all ti in the sequence and therefore, 
by Remark l4.31 it is also true for ^2- On the other hand if we take a sequence i,; f ii, 
then similarly we get that T{n, $tj)(a;i) coincides with the inward pointing normal 
of dfl X R at a;i. 

Hence, again by Remark 14.31 for some t between ti and ^2, T{rt,^t){xi) is not 
parallel to the normal vector to dfl x M at a;i and so for this t, CoroUar v 14 . 5 1 implies 
that {(a;',traceut(a;')) : x' G dO.} n B^+'^{xi) = $ n B^+'^{xi) for some £ > 0. D 
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Theorem 4.11. Let Q, be a bounded C^ domain ofM.^,H>Oa given constant 
and x'q e dfl is such that 

(1) Honioo'o) < -H 

where Hq^(x'q) denotes the mean curvature ofdfl with respect to the inward pointing 

unit normal. 

Then there exists a large class of 0^'°" boundary data $, for which the function 
u that minimizes the functional T with given data {fi, $, H} has trace with a jump 
discontinuity at x'q along which it attaches to ^ in a subset with non-empty interior. 

Proof. Let $ be an embedded C^'" submanifold of Qfi x M such that for a sequence 
4>i E C^-°'{dil), graph 0i — > $ and assume that 

Wo} X / C $ 
for some interval /. 

We wiU show that for any such $ there exist C^'°' boundary data $ such that 
$n (^^(xo) X M) = ^n (Be (x'q) X R) for some a > and for which the conclusion of 
the theorem holds, i.e. the function u that minimizes the functional J^ with given 
data {f2, $, H} has trace with a jump discontinuity at x'q along which it attaches 
to $ in a subset with non-empty interior. Here and in the rest of the proof Bj.{x') 
will denote the 2-dimensional ball of radius r centered at x' . By Lemma [4.101 it 
suffices to show that for such $ we can construct a continuous 1-parameter family 
of boundary data {<&*} satisfying properties i-iii of Lemma [4. 101 

For $ as above and cr > 0, that will be determined later, let {$t}-oo<t<oo 
be any monotone, continuous, 1-parameter family of boundary data satisfying the 
following: 



$tn(B,(4)xM) = $n(s,(.T^ 



X 



and outside B„{x'q) x M, $t is given by the graph of a C^'" function (pt with 
lim (f>t{x') = — oo , lim 0t(a;') = cxj Vx' G dil \ B^{x'q). 

We will show that for to > big enough {^t}[^to<t<to} (after a reparametrization) 
satisfies properties ii and iii of Lemma 14.101 In particular we will show that there 
exists io > and cr > 0, such that for all t > tQ 

(2) {{x', trace ut{x')) : x' e dnnB„{x'Q)} C U^, 
and 

(3) {(a;',tracew_((x')) : x' £ OSln B^(.t[,)} C V^$_, 

where Ut is the minimizer of T with data (J7, $*, H). 

For any x' € dV. such that Hqq,{x') < 0, there exists a circumference Cx' passing 
through x' , such that a neighborhood of x' in dil lies inside Cx'. Since HgQ{x'Q) < 
we can choose a > such that the following holds: For all x' £ Ba{x'Q) there exists 
a circumference Cx' passing through x' and such that ^^(xo) n d^ lies inside Cx'. 

Let X = (x', X3) G $ n {B^{x'q) X R), Cx' be as described above and let A be the 
region defined as follows: If iJ = then A is the region of R^ outside Cx' and if 
H > then A is an annulus with inner boundary Cx' and width H~^. Then (cf. 
|Fin65] ) there exist functions v^ defined in A n O such that x € graph 1'='=, 

\- D ( ^-^^ ^ =±H 
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and Dv^ = ±00 on d{A n 17) \ dfl. Taking t small enough we have that 

w+ > ut on dnn A 
and taking t big enough we have that 

v~ < ut on dVt n A. 

Hence we can apply the comparison principle in [Fin65| to conclude that for t 
small enough, i& > u^ on A n f2 and so x lies above the trace of Uf. Similarly for t 
big enough, w~ < Uj on A H O and so x lies below the trace of Ut- 

D 

Remark 4.12. By Remark 14.31 and Corollary |4?5l Theorem 14. Ill still holds if VL is 
a C^-" domain. In this case condition (1) of the theorem should he replaced by the 



following: There exists some ?' > for which 



yon- DC < / HQ 
an Jan 

for all positive C € C°° with support in Br{xQ) D dCl. 
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Appendix A. A Technical Lemma 
Lemma A.l. Let fi &e a C^'" domain ofW" and r > be such that 

K{dn, r, x) < 1 , Va; e 90 

with K as defined in Definition 12.11 

Given rj = (771, . . . ,7;„) g C°'"(90;IR"), there exists a C°'" vector field X on 
f]'-/4 ^ {x e n -.0 < dist(x,aO) < r/4} such that divX = (weakly), X\on = f] 
and for any x e 9fi 

ll^llo,B;?(2;)na'-/'» + f°'[X]a,Bf{x)niv/^ < C {\\v\\a,B^(x)r\an + 'r°'[rf\a,Bi-(x)r\an) 

where C depends on dQ and n. 

Proof. Wc will construct X around each point using local transformations that 
flatten the boundary. Therefore wc will first show that the lemma holds in the case 
of flat boundary: 

Claim: Given a C"'" vector field g — (gi, . . . ,gn) : M"^^ — > M" with compact 
support there exists a C°'" vector field X — (Ai, . . . ,Xn) on R"~^ x [0, 1] such 
that A(a;',0) = g{x'), divA = (weakly) on M"-i x [0,1] and ||X||o,a < C'||5||o,a, 
where C is an absolute constant. 
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Let (/) be a non-negative, smooth function with compact support in i?"^ (0) and 
such that /jj„_i 4'iOd'^ ^ 1- Foi' ^ = {x',Xn) define X by the foUowing formula: 



(1) 



X{x',xn) - E / 9jix' - x„0 ('/'(O - div((/.(00) rf^e, 

For X it is easy to check that X{x', 0) = g{x') and ||X||o,a < Cjj^jjo.a- Furthermore 
we have that divX = 0. To see this, we only need to check it for smooth g, for 
which we can integrate by parts to get that 

n-l / n-l \ 

X{x',x„) = Y. Dnlj{x)e, + 5„(a;') - ^ D,f,{x) e„ 



where 



Then 



fj{x',Xn) = Xn I 9j{x' - S,X„)(t){£,)d^. 



n—1 n— 1 

divX = ^ D,D,Jj + I?„g„ - Y. DnDjf, = 

since gn is independent of the a:n-variable. Hence the claim is true. 

For the general case, consider a finite cover {B",^{xi)} of 9J7, where Xi G dfi 
and such that B^,^{xi) B^,^{xj) — for Xi ^ Zj. Let (^i be a partition of unity 
suboordinatc to this cover. Let 'qi{x) — (j)i{x)rj{x), for all x € dfl. 

For each i, let ipi be a diffeomorphism that fiattens dfl in B'^{xi), i.e. 

We can also take Vi so that Vj(fi n B^4(a;i)) = B\^{Q) n M!f: and 

^.(f)'-/'' n Br{x,)) C B,"(0) n (R"-i X [0,r/4]). 
Let 

(2) g,{x) = (i?,^-i(,)V'«)ry.(C'(2^)) , for X e i?;'(0) n (R"-i X {0}) 

where {D,-i,^ipi) denotes the matrix of the Jacobian of ipi at the point V'," (a;)- 

Then, since V»(^ n S;^/4(x»)) == S;'/4(0) n R'^J: and r/^ = outside Bi:/^{x,) we 
have that 

(3) <?,(a;) = for a- e (B;'(0) n (R"-i x {0})) \ B;%(0). 



For each gi let X,; be the vector field given by (1) Then, by 1(3) 
(4) X, = on dB^{0) n (R"-^ x [0,r/4]). 

Hence 

xix) = ^(7^^,(,)7Ar')^.(V'.(2;)) 
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is a C°'" vector field on fl^^'^ and is such that for any a; € dfl 

\\X\\o,n-/i^nB^{x} < 2^11-0"^,^ llo.sp(o)ll-'^i|lo,'0,(s?(x)) 

i 

< ^Z^ ll.9j||o,'0,(-B?(a;))n(R"-ix{O}) < C'll'7llo,SI2nB;?(£!;) 
i 

and 

■i 
-•^2^ ll5j||o,^,(B;?(a;))n(R"-ix{0}) + ^" [5da,Vi(S;?(x))n(K"-i X {0}) 

< C {\\v\\o,B:;^ix)ndn + r°'[v]a,B^ix)ndn) 

where C depends on n. 

Finahy we have that Xjgfj = 77 and divX = 0. To see this let x G di^, then: 

i i 

= ^(j),{x)ri{x) =r]{x) 

i 

Let C g C°°(ri''/*) and having compact support. We will show that 
/ X{x)-D^C(nr{x)^Q. 



X{x)-D^CdW\x) 

, Jb^{x,) 



,, Jb^{x,) 
i Jb^^(x,) 



J2 f X,iy)-Dy{Co^-')dn-{y) 
, JB"(o) 



IB'^(0) 

which is equal to zero because by construction div Xi = (weakly) . D 

Remark A. 2. We remark that lemma lA.ll is true with higher regularity of the 
boundary and of the vector field rj. In particular we have the following: 

Let ribea C'='" domain o/M" and r] G C^'f^{dn, R"), where k,l > , a, l3 G [0,1] 
and l + f3<k + a + l. Then there exist a neighborhood V of d^ in Jl and a C'"'" 
vector field X on V such that div A = 0, AJ^q = 77 and 

\\X\\i,i3y < C||77||/,^,aa 

where the neighborhood V and the constant C depend on dQ. 
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Appendix B. Varifolds, Currents 

Let 

P : K"+i ^ ]R2 X {0}""^ 

denote the projection onto the (xi,a;2)-plane in R"+^. 
Let 

C : M"+i \ ({0}2 X M"-i) -^M? X {0}""^ 
be the function defined by 

C{x) = C,{xi,X2,...,Xn+l) = (-.T2,a;i,0, ...,0) 
so that C is the projection P followed by a counterclockwise 7r/2-rotation. 

Lemma B.l. (AUard) 

Let C = (spt C, C, 6) he an n-dimensional cone in R"''^^ , such that G dC, 9{x) > 1 
for all a; e spt C \ dC, dC = {O}^ x K"-i and \\SC\\ (M"+i \ dC) = 0. 
For each (f) e C°°{{R^ x {O}""!) n S"") define 



P{x) \ |p.(C(x))| 



where ^ is as defined above and Px denotes the projection onto the tangent space of 
C at X. 
Then 

(1) T is a multiple ofn^{{I{^ x {0}"-^) n 5"), i.e. 

T{(t))=cf (t){x)dn\x) 

J(R2x{o}"-i)nS" 

for any (j} e C°°{{R^ x {O}""!) n S*"). 

(2) IfT ^0 then P(spt C) n 5" is /imie. 

For the proof of this lemma we refer to |A1175j . 
Part (2) of Lemma FB . II directly implies the following: 

Corollary B.2. Let C be an n-dimensional cone in R"+^ such that £ dC , dC is 
an (n — 1)- dimensional subspace, 6{x) > 1 for all x e sptC \ dC and sptC C H, 
where H is a half space with dC C dH . 
Then 

k 

where Pi are n-dimensional halfspaces, with dPi ~ ±dC and Pi C H . 

Corollary B.3. If in addition to the hypotheses of Corollarv lB.2i we assume that 
C is area minimizing, then we have that either C is an n-dimensional halfspace or 

C = mHi + IH2 

where Hi, H2 are the two halfspaces in dH defined by dC . 
Furthermore jjTi — Z| gives the multiplicity of dC . 



Proof. Without loss of generality we can assume that H = i?+ x M". By Corollary 
IB.2l we can write C 
have that Pi = Pj), 



IB.2l we can write C = J2i=i Pi^ where Pi arc now of multiplicity 1 (so that we could 



P^^±{{y + tiH,y^dC,t> 
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for some unit vector m, normal to dC and such that Ui ■ ei > 0. 
Take j e {1, . . . fc} such that dPj = dC, then 

9(C-Pj) = 

and for any compact set W C IR"+^ 

We claim that C — Hj is also area minimizing. Assume that it is not true, then 
for a compact set W C IR"+^ there exists a current S with spt S C W, dS = and 
such that 

Then 

K^iC + S)<M^iC + S-P,)+M^{P,)<M^{C) 

which contradicts the fact that C is area minimizing. 

So C — Pj is area minimizing and hence the associated varifold is stationary. 
Computing \\S{C - Pj)\\{Br{0)) we get that 

k 

j=l 

This is true for any j such that dPj ~ dC, hence there can only be one such 
different Uj. 

Similarly, picking a j such that dPj = —dC we get that C + Hj will be area 
minimizing and computing the first variation of the corresponding varifold we get 
that 

k 

= Mj + 2_, '^i ■ 
i=i 
Hence, as before, there can only be one such different Uj. 

So either /c = 1, in which case we get that C is an n-dimcnsional halfspace or if 
/c > 1 we showed that C must be of the form 

C = kHi + IH2 

where Hi , H2 are the two halfspaces in dH defined by dC. D 

Lemma B.4. Let C be an n-dimensional integral current such that spt C lies in 
a closed halfspace H, dC C dH and C minimizes area in H . Then C is area 
minimizing. 

Proof. Suppose not. Then there exists an integer multiplicity current S, with dS = 
dC, W = spt(S' - C) compact in M"+i and such that 

(1) ^w^C)>K^{S). 

Let / be the reflection along L = dH: 

fix) ^L{x)-L^{x) ,x€M"+i 

where, for a subspacc P, P{x) denotes the projection of x on P. 
Define the function g : M"'+^ — )• H, by: 

, , \ X ,x <E H 

Q[x) — < 
^^ ' \f{x) ,a;eM"+i\i7. 



44 



THEODORA BOURNI 



Then for the current g^S we have that it has support in if, d{g^S) = g#dS = dC 
and it satisfies the estimate 



(2) 



M (g^S) < sup \DgrM AS) ,\fV(l(lH 

g-HV) —^ ^'^> 



Where, if 5 = (spt S, 6, S), then: 



{g#S){uj) 



< uj{g{x)),dg^#S{x) > 6'(x)dH"(a;) 



spt S 



Using now the assumption on C and |(2)| we have that for any compact subset of 
r+i, W: 

MiC) = A/„, iC) < M,„ Jg#S) < M(S) 

D 



which contradicts (1) 
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